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CHAPTER 1

>
5

SEAERR IR Z 5 2 3-4 /D o ARn] DABY AR R HTML o PDF fiiA, o 7E Sage Notebook H1 i il Help,
G il Tutorial PAZCH T 3UTE Sage HoE AR -

AR Sage BYRFR 2 i Python SCELRY, (HHBEABREH AT 2 Python 75, RIREVR AN s B2y
>J Python (—[IEMABINIET!), AMRZIMFH M RIFTIEATATIEI/R: Python ¥]2#¥ 15 [PyB] 51 T
ZfE. WARVR R Sage, MRAABRERMIFATE R Blgn:

sage: 2 + 2

4

sage: factor (-2007)
=1 = 372 ¥ 223

sage: A = matrix (4,4, range(l16)); A
[0 1 2 3]

[ 4 5 6 7]

[ 8 9 10 11]

[

12 13 14 15]

sage: factor (A.charpoly())
x"2 * (x72 - 30*x - 80)

sage: m = matrix(ZZ,2, range (4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]1);

sage: E

Elliptic Curve defined by y"2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5
over Rational Field

sage: E.anlist (10)

o, 12, 1, 0, -1, -3, 0, -1, -3, -3, -3]

sage: E.rank()

(B
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1

sage: k = 1/(sqgrt(3)*I + 3/4 + sqrt(73)*5/9);

36/ (20*sgrt (73) + 36*I*sqgrt (3) + 27)

sage: N (k)
0.165495678130644 — 0.0521492082074256*I
sage: N(k,30) # 30 "bits"

0.16549568 - 0.052149208*1I
sage: latex (k)

\frac{36}{20 \, \sqrt{73} + 36 i \, \sqgrt{3} + 27}

(% L350

1.1 &8

BRI LN G Ze%E Sage, HRAHZR—2dy 4, W] DAYE http://sagecell.sagemath.org _F¥E£R{H 1]
12 7 Sage T 01 [SA] SCHYH AU ZHE48TS, T REUATZEA/RAG HLU N | Ze%% Sage. DARJ&—2EfRi Zi i .
1. Sage F#E SCHEMIHT TG FraE 2 4. ¥migil, E 4R Sage {1 Python. IPython. PARI. GAP. Singular,

Maxima, NTL., GMP %%, {RAFRERMZACEN], FOVENE Lt STE Sage ZATHH . H2, 2]
HL2t Sage TfiE, 14N Macaulay 5 KASH, RUAZAG P HLIN L 222025 T HTRAR Y -

. Sage FFgm ik —HEHICAS (7] DATE Sage B M _F4k3) AT REELIRACAD A BB 22 5 Al o de s . SRR
AFHHELT sages

- ANRARKEAE ) SageTeX £ (FRiFA4CRF Sage T 5 R A B LaTeX U, ARFFEAE TeX AT
SageTeX. 1527 Sage LA 45 R “ik TeX H 5] SageTeX” EFT (3X~4%$% . /installation/index.html
SOMVRFT I 245w ) o« HAAER o, AR AT 2B — N EREE AR S a5 i — S8 TeX MR H
EH.

o fa] i B SageTeX ) 3L £4 { T* $SAGE_ROOT/venv/share/texmf/tex/latex/sagetex/, X
H1”$SAGE_ROOT” 51 & Sage UL 2E H %, U /opt/sage-9.6,

1.2 {#Ff Sage B9 %
Sage A DA 2 Bl SR

+ Notebook BJE5 ifii: iZ1T sage -n jupyter; iFZ:[] Jupyter 712k U HY,

o ZZ H X Shell: & 2 X, Shell,

o« GAGRYE: TE Sage TR GIRERGREIRLT (WS b0 5ol o Sage S R 63 451% 1X7)

o GHTMIA: G Sage FERMSL Python JiA (WS Ik & Python/Sage i 4),

1.3 Sage BIKHIB#r

« M= Sage i) FARSZ AR EAEA T By OANs R BIBTTEA: ) . BOMMBFE R . BAER AT DA
TERRMELRAH. I, B, Wl BEIT SRR 8. Sage RERSHE B AT 57 (4

PATREE R R I H 5

o FEk: Sage dBRPREE. BHTH SRR B, W GMP, PARI. GAP Al NTL, [K MH7ER L8 E

F AR PR

o RARIFIR: AU R PR AL 0T, T A TR ARG LRt HHRERS A S b T JE . IE
NS G A 2 1 e ) WA R VR AR A B, TP RO BB 1 1 B it A SO IR A ok
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BT SI AR . ASRAE RRHE SO R Sage IEATIIER, B R & T AG 17517 Sage M HBTA AL
B, AR F T DA RS R E BT 73 S AR ) Sage HiAR

o YT 49ivk: Sage WViZ5 T AEAIS S, &M T Linux, OS X Al Windows HJ F, X {lif5H] 1B RS
SR .

o Bl AL S KREEHMIT BN B RS 5E K1, @5 PARL. GAP. Singular. Maxima., KASH.
Magma. Maple il Mathematica, Sage SA1E4— ¥ EIA E~RAT .

o SOPSY A RMERR . AR SE TR, B ER BRI AT .
o AR BRSSO EURR BN BN N B R AR, FFRERS (N Z R gn el 5 mE R RIS .
o NMKAF: DIRED TR, SORFIENAD S TEE, I BAMEm P .

1.3. Sage B)EIB#R 5
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CHAPTER 2

4m
&

ARATREAAR T Sage HH—LEIfE. WEIRGIESH “Sage Wik”, albsr BAEME “FAMTHE...77 XA
MR LS. eoh, VR AR R (Sage Z%-FMEY, Hp BT R0l R, RTAE S relp
4%, 1F Sage Notebook 1%z H X HI#HFT I 55

(UWRARTE Sage Notebook HH AL F IWHAE, 75K shift-enter BT THI ABLICH . 7E4% R shift-enter Z Hi, &
HEA DA A . FEHLEE Mac |, RWTREFR B4 shift-return M AJE shift-enter.,)

2.1 IH{E. FAFWER

Sage BLAS Ef# ] Python ZwARi 5, AL AL Python ATTHEFAPRER BIfR7:>] Sage.
Sage {fiff] = HEATIRIE. I ==, <=, >=, < T > PEATHR:

sage: a = 5

sage: a

5

sage: 2 == 2
True

sage: 2 == 3
False

sage: 2 < 3
True

sage: a == 5
True

Sage $R LI HABFIH

sage: 2**3 # ** means exponent

8

sage: 23 # ~ is a synonym for ** (unlike in Python)
8

sage: 10 & 3 # for integer arguments, % means mod, i.e., remainder
1

T )
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(# E30)
sage: 10/4
5/2
sage: 10//4 # for integer arguments, // returns the integer quotient
2
sage: 4 * (10 // 4) + 10 % 4 == 10
True
sage: 372*4 + 2%5
38

8 372x4 + 255 FEAERFRB TP TIZHRT ;. JF R = e e R 2 iy BB R”
T IR RLE .

Sage iLHRIL T VR W ILBA R AL AT L6

sage: sqgrt (3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqgrt (3)

WG — AP FR, —H8eadahsGRIEL KEHR” A, Wﬁﬁ%ﬁfﬂﬁo SOPAFRAEAT L, T DAGE ] e 2
BrEn (CHEBA—DERI A numerical approx, AN 5 n M), XEREHEZESE prec,
WORBPREEORL, VAR digits, RIERAG-T-EEHIREEE ARG BROMEEE 53 fiL.

sage: exp(2)

er2

sage: n(exp(2))

7.38905609893065

sage: sqrt (pi) .numerical_approx ()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python 287K ANET, FTARAE RS HRERAG N RES 2 kB, BEAEEREN, el
A PABRAFAT: 7 Python ZEFU (A -

sage: a = 5 # a is an integer

sage: type(a)

<class 'sage.rings.integer.Integer'>

sage: a = 5/3 # now a is a rational number
sage: type(a)

<class 'sage.rings.rational.Rational'>
sage: a = 'hello' # now a is a string
sage: type(a)

<... 'str'>

CIEF NSRS AR AR — AU int 288128 BrAE AR AT N HBEPRAT int.

8 Chapter 2. &%
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2.2 FRENER BN
Sage B PITESCHY, WTRAEIH A B H RHIG A AR, SR LIS R

sage: tan?

Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES :
sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)

1
sage: tan(1/2)
tan(1/2)

sage: RR(tan(1/2))
0.546302489843790
sage: log2?
Type: <class 'sage.functions.constants.Log2'>
Definition: log2( [noargspec] )
Docstring:

The natural logarithm of the real number 2.

EXAMPLES :
sage: log2
log2
sage: float (log2)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068

sage: 1 = (1-log2)/(1+log2); 1
(1 - 1og(2))/(log(2) + 1)
sage: R(1)

0.18123221829928249948761381864650311423330609774776013488056
sage: maxima (log2)
log(2)
sage: maxima (log2) .float ()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 32-bit
0.69314718055994530941723212145817656807 # 64-bit
sage: sudoku?

File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>

Definition: sudoku (A)

Docstring:

2.2. FRERERED 9
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(% L350
Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:
0,0, 5,0,0

sage: A = matrix( + 0,0,
21078I OIO!OI

(5,0,0, 0,8,0, 0,4,9, 0,
4 115701 OVOIOI OVOIOI Ol

27,9, + 0y

0,3,0, 0,6,7, 3,0,0, 0,0,1 0,0,
o,o0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
o,0,0, 4,9,0, 0,5,0, 0,0,31)

sage: A

[5000800 4 9]

[00 05000 3 0]

[0 6730000 1]

[1 5000000 0]

[00 02080 0 0]

[00O00O0O0O01 8]

[7 0000415 0]

[03 00020 0 0]

[4 9005000 3]

sage: sudoku (A)

[51 368 72429]

[84 95216 3 7]

[2 67 34958 1]

[1 5846397 2]

[97 4218 3 6 5]

[32 6 7 9541 8]

[7 82 93415 6]

[6 3517 2 8 9 4]

[4 91856 72 3]

Sage it 4RI T “Tab kh4x” TfE: MA KRB HILA TR, SAIGHET Tan . B, WRIREA ca RIGTET
Tab, Sage £2[/R tachyon, tan, tanh, taylor. iX;2#r#k Sage rfteREICRIL AL & BRI U5

2.3 A, GEEF0itEy
75 Sage ik X— AL, W aer frd, FLAERAFIRFM LE S, Hin:

sage: def is_even (n):
et return n%2 == 0
sage: is_even(2)

True

sage: 1s_even(3)

False

HE: RIERERNBRRRAS, RRESTEARBIRGE “ATEI =S .o WRANEN, BNRERNT
SRt . AEX BT, AR B [Return/Enter] DA A ZS 17945 R R EUE X

AT EIREMASEIIZRE, R DAIEEZ A, B0 AR DA — AR BOAE. B, Wik
¥87E divisor, WI'NTHREERIAE A divisor=2,

sage: def is_divisible by (number, divisor=2):
et return number%divisor == 0
sage: is_divisible_by (6,2)

sage: is_divisible_by (6)

(ZF 50

10 Chapter 2. &5
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(#z E70)
sage: is_divisible_by (6, 5)
False

PA RS, RIS T AR A AR E — DA IR R A, AT ALME RN 45 BT -

sage: is_divisible by (6, divisor=5)

False

sage: is_divisible_by(divisor=2, number=6)
True

A& Python 1, AURSHUA R KAE 5 BOHARTE & H T I A EE RARICARZOR 1. AR, AURS B il 4 iR 2R
AEASE AR, BN, AR MEIRGR, PN return IEAIMEIES L HAS A —2:

sage: def even(n):

50008 v = []

PR for i in range(3,n):
e if i § 2 == 0:
PR v.append (i)
00008 return v

Syntax Error:

return v

ERARES T 4t sRORE T DAIE 3 T AR

sage: def even(n):

50008 v = []

et for i in range(3,n):
e if i $ 2 == 0:
e v.append (i)
00008 return v

sage: even(10)

[4, 6, 8]

FIRNTTEN T TERZEUF T, FTABATA SR . (B2, R AE—AT BalcE 2 NMEs), -5 ke

sage: a = 5; b =a + 3; c = b"2; c

TE Sage v, ARATDAIE b DR BUX BRI A B, RS —175 C++ 5 Java 1 for (1=0; 1<3;
i++) SEAE—FE:

sage: for i in range(3):
PR print (i)

TGS 1T for (i=2;i<5; 1++) .

23. EH. ZEEHF0ite 1
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sage: for i in range(2,5):
e print (i)

BRI, A RRARISY for (i=1;1<6; 1+=2) %,

sage: for i in range(1,6,2):
R print (i)

WA B A I R R VR Sage MR . — MR ESE ST S, T
T, FATRE=ATEREIELF R 6 951, FFHE—A-FIr IS T B As -

sage: for i in range(5):

50008 print ('$6s %$6s %6s' % (i, i~2, i~3))
0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

Sage HIREA ML, Wi B, Wi MEEXTGIFIE. B, AT a4 range B1#—
ik

sage: list (range(2,10))
[2, 3, 4, 5, 6, 7, 8, 9]

e EE AR

sage: v = [1, "hello", 2/3, sin(x"3)]
sage: v
[1, 'hello', 2/3, sin(x"3)]

2 gmfEiE S R, JIRIERTIEM 0 THh.

sage: v[0]
1
sage: v|[3]

sin (x"3)

i 1en (v) KRB v BOKJE, i v.append (obd) FFHATGIBME] v AR, M del vii] MK v HIZE
T0i -

sage: len(v)

4

sage: v.append(1.5)

sage: v

[1, 'hello', 2/3, sin(x”3), 1.50000000000000]
sage: del v[1l]

sage: v

[1, 2/3, sin(x"3), 1.50000000000000]

AN EEPEAREH 2 T (BRI « i T s UR T AR, HEW A LR SRR
51 (RGILAZARAALR) :

12 Chapter 2. &5
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sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

-2

sage: d[e]

pi

ARIETTVAGE 2 5E SRR B A . i R EPRECA N R e —FIsR R BEAR , T LATE B fRIAE AT ZRARAY Sage
FEFP. T, FATE L —ADFOR AN n IEEEEIERRKSE; ENNERR 1ist JRAMHR.

sage: class Evens(list):

R def _ init__ (self, n):
50008 self.n = n
e list.__init__ (self, range(2, n+l, 2))

PR def _ repr_ (self):

et return "Even positive numbers up to n."

__init_ JFRAEQUE G AR LA R __repr JyiAITEIR G, AHE _inic_ J5{ARISE AT
AP R R HEF A1) E Evens KRGS

sage: e = Evens(10)
sage: e
Even positive numbers up to n.

W, e MUHFANTESY _repr_ JIAITH. RERIREHTIIE, BN 1ist WAL

sage: list (e)
[2, 4, 6, 8, 10]

FATIE N AVT I n sURFIR— AT e

sage: e.n
10
sage: e[2]
6

2.4 EXRREKRIRS
Sage HENSIERT 2 B 5 BEA (R BORBORUMHCHOT L, BUAISRAEITRL. BO0Y . BUMRLE RIS . 2R,

12| Sage Constructions .

TEFTA LR BT, RECTH A B B var (.. ) S Bl

sage: u = var('u')
sage: diff(sin(u), u)

cos (u)

WRIEF] NameError FiiR, HRAREIGH R, HEREZICHN var (...) & XL HE.
241 KR@EHE

Rk AL =

sog;ﬁ@ﬁﬂﬂ?*ﬁ@ﬁﬁo R, e AR RER AR (SO RRA) MFREKENAEIEN solve
&

24. BEFRARBARRS 13
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sage: x = var('x")
sage: solve(x"2 + 3*x + 2, Xx)
[x == -2, x == —-1]

PRATDASK A s A, A AR B N 240

sage: x, b, ¢ = var('x b c'")
sage: solve([x"2 + b*x + ¢ == 0],x)
[x == -1/2*b - 1/2*sqrt (b"2 - 4*c), x == -1/2*b + 1/2*sqrt (b"2 - 4*c)]

VRELAT ASK A 2 A8 T 7 -

sage: x, y = var('x, y')
sage: solve ([x+y==6, x-y==4], X, V)
[[x == 5, v == 1]]

PAF 22 i Jason Grout FE{LFY ] Sage sKAFAEZME T RRA IR 1L, FONFFSILHK AR T FE4H

sage: var('x y p q'")

(x, vy, P, 9

sage: eql = ptg==

sage: eg2 = g*ytp*x==-6

sage: eq3 = gqry"2+p*x"2==24

sage: solve([eql,eq2,eq3,p==11,p,d,%,Y)

[[p==1, g ==18, x == -4/3*sqrt (10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, g == 8, x == 4/
—3*sqgrt (10) - 2/3, y == -1/6*sqgrt (10) - 2/31]

XEF AR L, AT AGE] -

sage: solns = solve([egl,eq2,eq3,p==11,p,q,%x,y, solution_dict=True)
sage: [[s[p]l.n(30), s[gl.n(30), s[x].n(30), s[yl.n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

(&% n HTFATENRUMEIE L, SHOSR M AEL.)

HERBALE

REmE, solve IR BTG T ARS R BIRGHAE . BEN AT ABEH] £ind_root $RENKL(EME. GBI, solve
X PATR D5 R A 1R AT A B SR 2R

sage: theta = var('theta')
sage: solve(cos (theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

73—, ATPABEA] £ind_root FEX[A] 0 < ¢ < m/2 NHRE] LR T AR

sage: phi = var('phi'")
sage: find_root (cos(phi)==sin (phi),0,pi/2)
0.785398163397448. ..

24.2 5. Rkt
Sage W DA 4 ERHGHEAT ORIy o B4, F sin(u) AIXET w BEATIGY, 7T DARER:

14 Chapter 2. &5
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sage: u = var('u')
sage: diff (sin(u), u)
cos (u)

T sin(2?) Y POB- 4L

sage: diff(sin(x"2), x, 4)
16*x"4*sin (x"2) — 48*x"2*cos (x"2) - 12*sin(x"2)

Gt 2? + 17y? FEXET @ iy 1 e AL

sage: x, y = var('x,y")
sage: f = x"2 + 17*y"2
sage: f.diff (x)

275

sage: f.diff (y)

34*y

BEFRIHERSY, WFEREBUNRIERSY . W [ osin(2?) de F [ 2 do

sage: integral (x*sin(x"2), x)
-1/2*cos (x"2)

sage: integral (x/(x"2+1), x, 0, 1)
1/2*1og (2)

T o a0

sage: £ = 1/((1+x)*(x-1))
sage: f.partial fraction(x)
-1/2/(x + 1) + 1/2/(x - 1)

2.4.3 KRN FHE
YRUT A Sage SRAFFEH M e, K FE o +2 —1=0:

sage: t = var('t'") # define a variable t

sage: x = function('x') (t) # define x to be a function of that variable
sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + e’t)*e” (-t)

X B Sage 15 Maxima [Max] B4 11, Bl HC A P RE5 oAt Sage i A BT IR . BHEIZRBIH, HEEoR
B R — R 2(t) = e (e + o).

PRI AT AV R As s T 2’ — sin(t) AR i As e i -

sage: s = var("s")

sage: t = var("t")

sage: f = t”2%exp(t) - sin(t)
sage: f.laplace(t,s)

-1/(s”2 + 1) + 2/(s - 1)"3

XHE A IR 2o MIERE S 5G_ BRSSP (1A%

[—————— \N/\N/\/\/\-——|massl|-——=-\/\/\/\/\/-———|mass2|
springl spring2
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H1 i T R A
mlx’ll + (/Cl + ]Cg)xl — kQ(EQ = 0
mgl‘g + kg(ﬂ?g - Il) = O,
Horbromy @R i SR, o IR RFETOIRS, K 2R | TR

Bl i Sage KR LR EIE, Hptmy =2,me =1,k =4, ka = 2, 21(0) = 3, 21(0) = 0, 22(0) = 3,
x5(0) = 0.

e A AR (55 0 = a1,y = 22):

sage: t,s = SR.var('t,s')

sage: x = function('x")

sage: y = function('y"')

sage: f = 2*x(t).diff(t,2) + 6*x(t) - 2*y(t)

sage: f.laplace(t,s)

2*s”2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) —--

—2*D[0] (x) (0)

i th EORMEDABY 2, (EHERR
—227(0) 4 252 - X (s) — 252(0) — 2Y(s) + 6 X (s5) = 0

(CHA /NG R BN o (t) AR TAOR R S R X () o A3 AN AT hs s

sage: de2 = maxima ("diff(y(t),t, 2) + 2*y(t) — 2*x(t)")

sage: lde2 = de2.laplace("t","s"); lde2.sage()

s*2*laplace(y(t), t, s) - s*y(0) - 2*laplace(x(t), t, s) + 2*laplace(y(t), t, s) — D[0] (y) (0)
SEETN

—Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

ARG AT 2(0), 27(0), y(0), H y'(0), FHRMHFHHATrE:

sage: var('s X Y'")

(s, X, Y)
sage: eqgns = [(2*s"2+6)*X-2*Y == 6*s, -2*X +(s"2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s"3 + 3*s)/(s"4 + 5*s*2 + 4),
Y == 3*(s”3 + 5*s)/(s"4 + 5*s"2 + 4)]1]

SR P A 300 7t o S0 A 4 B T A5 ) 5 5

sage: var('s t')

(s, t)

sage: inverse_laplace((3*s”3 + 9*s)/(s"4 + 5*s”2 + 4),s,t)
cos (2*t) + 2*cos(t)

sage: inverse_laplace((3*s”3 + 15*s)/(s"4 + 5*s”2 + 4),s,t)
—cos (2*t) + 4*cos(t)

Mk, f#h
x1(t) = cos(2t) + 2cos(t), w2(t) = 4cos(t) — cos(2t).

" ARE IS0 il s BA R
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sage: t = var('t'")
sage: P = parametric_plot((cos(2*t) + 2*cos(t), 4*cos(t) — cos(2*t) ),
et (t, 0, 2*pi), rgbcolor=hue(0.9))

sage: show (P)

AT AR I 22 P A~ R R PR

sage: t = var('t'")
sage: pl = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))

sage: show(pl + p2)

AREEWEZFELE, WEWAE. ARESITERNEZFE, WS [NagleEtAI2004] 175 5.5 75

2.4.4 BRBLEKRBRSHEA

TE R =B, BATRER AR — A s o e & e mlsl— 1 — oy Ry A A . 40
FE AR

Y = f(z,y), yla)=c,

FNTEHREFNFAE v = b LRy ME, Hp b > a.
e JBSL S 2 ¥ S

vy yl@+h) —y(z)
y(@)m =———,

Hot h > 02— BBUMOEL a0 i AR E] f (e, y(2)) ~ L@ gk y(e + h):
y(x +h) = y(x) +h- f(z,y(2)).

WERFRATIE b - f (2, y(2)) B ROAEDD (RREAEERARR) |38 y(e) Foh “y BIHME”, 8 y(z + h) FR
Ny BIBHE” . IR AR A 2R h

Ynew =~ Yold + h- f(xa yold)-

ARIATI @ ) b XS n 25, i3 h = b2 IR AT ATER fhid skt a5

a c h- f(a,c)
a+h c+h- fa,c)
a+2h

b=a-+nh ?7?

AT HARR BT MR T2 H, HRIRA? 50, X2 WAEmEXT y(b) BT EME.

KA 7 RE A AR S 22 2

il BEATL 2(¢) 76t = 1ACRME, BHERREAR) 4 DR, Hid 27 +t2' + 2 =0, 2(0) = 1, 2/(0) = 0.
FATLACR B w TR E R TR (B 2 = 2,y = 2') FHFMHEAEA:
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sage: t,x,y = PolynomialRing (RealField(10),3,"txy") .gens ()
sage: f =y; g=-x -y *t

sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

(
t b4 h*f(t,x,v) y h*g(t, x,v)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

A, 2(1) =~ 0.65.

AT AT AL B (2, y) VASRAS IR RLA] . AR eulers_method_2x2_plot FFATILHEEAE: b T (T
B, AT EE REf F g, ENHEZ A = RIS (¢ 2.y,

sage: £ = lambda z: z[2] # f(t,x,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,x,y) = —-sin(x)
sage: P = eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

BRI, B AEH T PANE : pro), o AT ¢ L PAR P LLY, y M T ¢ B FRATATDATE 1 40 AU 2 X
sE

[sage: show (P[0] + P[1])

(AXZEWEZER, WEaE.)

2.4.5 SEE

Sage FI| Ji] PARI [GAP] FIl Maxima [Max] , S T Z R IEAZ L WA FFFRE AL X LERETE Sage 225 TIHAH
Ry (“IEAZZ T A RRIRERE) A TR SRS

sage: x = polygen(QQ, 'x')

sage: chebyshev_U (2, x)

4*x72 - 1

sage: bessel I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel _I(1,1).n()

0.565159103992485

sage: bessel _I(2,1.1).n()

0.167089499251049

BEI, Sage KR L8 bk B4 T RUE B - XEFAFS MM, 5 BN Maxima #1, QIPA R 7Rl :

sage: maxima.eval ("f:bessel y (v, w)")
'bessel_y (v, w) '

sage: maxima.eval ("diff (f,w)")

' (bessel_y (v-1,w)-bessel_y(v+l,w)) /2"

2.4.6 REMRS

2 I, Vector Calculus Tutorial.
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Sage #18, A{ThRZ 10.7.betal

25 4HE
Sage A DA 1 — 41 =4 T .

251 “#ER

TE 4, Sage FILAZI . LMZNTE; TEE AR 2 H R BIATE; & n] AL R ARAR L 2 P
KRB AR T4 TR BRG] A KM Sage LM E LB, S WARM My 7 12

FMaxima, VAR Sage Constructions Y.
2T R e Y A IV U SN SO Y oy B W < S s A

sage: circle((0,0), 1, rgbcolor=(1,1,0))

Graphics object consisting of 1 graphics primitive

ARids al AAE e 13 -

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)
Graphics object consisting of 1 graphics primitive

ARIE T VAT K7 (R 25 2 R B B 5 TR - 15 22 ] 1 of -

[sage: c = circle((0,0), 1, rgbcolor=(1,1,0))

B HIE, WA c.show () B{ show (c), WITFFIR:

[sage: c.show ()

B, §iff] c.save('filename.png') B2 ERFAER) A E 1E.

BUAE, X2 " B EARHGIE, ORI LI o AR AT AR XA A :

[sage: c.show (aspect_ratio=1)

fiy % show(c, aspect_ratio=1) AJ DASE K AR F1E, S AR A LAGEH c.save (

aspect_ratio= 1)@%??@”%0

'filename.png',

LA KPR A S
sage: plot (cos, (-5,5))

Graphics object consisting of 1 graphics primitive

—BARIRE TAERAFR, ARIEN] AR S B IEE |

sage: x = var('x")
sage: parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue (0.6))
Graphics object consisting of 1 graphics primitive

—EEERL, R RIEAOREEE I, PR ORI 2o, AR R R T R 2 (A

2EHHGE

sage: plot(x"2, (x,300,500))
Graphics object consisting of 1 graphics primitive

PRATATB A RF 24> B TEAR IR R AT A7 — S -

2.5. £HE
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sage: x = var('x")
sage: pl = parametric_plot ((cos(x),sin(x)), (x,0,2*pi),rgbcolor=hue(0.2))

sage: p2 = parametric_plot ((cos(x),sin(x)"2), (x,0,2*pi), rgbcolor=hue(0.4))
sage: p3 = parametric_plot ((cos(x),sin(x)"3), (x,0,2*pi), rgbcolor=hue (0.6)
sage: show (pl+p2+p3, axes=false)

TSR — A IR A uns2 ORI L), SRIGEEH polygon fir -2l ik &8 sk ity Y
AR BN, T2 aR e =AE:

sage: L = [[-1+cos(pi*i/100)* (1+cos(pi*1/100)),

c000% 2%sin(pi*i/100) * (1-cos(pi*1/100))] for i in range (200)]
sage: p = polygon (L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

Hi A show(p, axes=false) REFH A EMAARHIEITE .
ARET DA T B H s SCs -

sage: L = [[6*cos(pi*i/100)+5*cos((6/2)*pi*i/100),

50008 6*sin(pi*1/100)-5*sin((6/2) *pi*1/100)] for i in range (200) ]
sage: p = polygon (L, rgbcolor=(1/8,1/4,1/2))

sage: t = text ("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

AR I 2 E A A B2 DA R IEIE : arcsin YA Bl y = sin(x) XT 2 78 —27 #l 27 KRG IR
[ 52 45 e . VAR Sage fir -t tLEIIE -

sage: v = [(sin(x),x) for x in srange(-2*float (pi),2*float(pi),0.1)]1]
sage: line (v)
Graphics object consisting of 1 graphics primitive

EE?EEJ PREELIR LU IR B2 R BOR A2, ARARBE AN R B2 X5 2 i SO DI BB, AR I3 S B o Bl 8 B KA
f/ AR

sage: v = [(tan(x),x) for x in srange(-2*float (pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage L REVHEARALKRIE . RRERIEA K EIG R (FHORRR AR %) . X L2 — MR 0] 1

sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

252 =Z4ER

Sage i W] AFI T-QI 8 = ZEEJE . 7E notebook Il REPL H1, i LEEITEAF BRIA G FF IR [ThreelS] R, #%
B AL SRR B 2 LA N i BT

il plot3d &HIEM f(x,y) = = HIREEIG :

sage: x, y = var('x,y")
sage: plot3d(x"2 + y*2, (x,-2,2), (y,-2,2))
Graphics3d Object

o, ARATABE parametric_plot3d MBS R, HPRA 2y, 2 A— SR GERFE u flv)
A BRI S o TR ) T W] PAS R R AR AT
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sage: u, v = var('u, v')
sage: f_x(u, v) =u

sage: f_y(u, v) = v

sage: f_z(u, v) = u"2 + v*2

sage: parametric_plot3d([f_x, f_y, f_zl, (u, -2, 2), (v, -2, 2))
Graphics3d Object

T Sage Hh£2 1l 3D [ 55 =F k2 implicitylot3d, 2RI f(x,y, 2) = 0 BIRRERY R (XE LT
—H) . FAME 2 A i — D akik

sage: x, y, z = var('x, y, z'")
sage: implicit_plot3d(x"2 + y"2 + z"°2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

N E 2 T

Yellow Whitney’s umbrella:

sage: u, v = var('u,v"')

sage: fx = u*v

sage: fy = u

sage: fz = v"2

sage: parametric_plot3d([fx, fy, fzl, (u, -1, 1), (v, -1, 1),
e frame=False, color="yellow")

Graphics3d Object

Cross cap:

sage: u, v = var('u,v')

sage: fx = (l+cos(v)) *cos (u)

sage: fy = (l+cos(v)) *sin(u)

sage: fz = -tanh((2/3)* (u-pi)) *sin(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),

e frame=False, color="red")
Graphics3d Object

EANE

sage: u, v = var('u,v')

sage: fx = (3+sin(v)+cos(u)) *cos(2*v)

sage: fy = (3+sin(v)+cos(u))*sin(2*v)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fzl, (u, 0, 2*pi), (v, 0, 2*pi),

e frame=False, color="red")
Graphics3d Object

WAL -

sage: x, y, z = var('x,y,z")

sage: f(x, y, z) = 4*x"2 * (x"2 + y"2 + 272 + z) + y" 2 * (y"2 + z72 — 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1), (z, -1, 1))
Graphics3d Object
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Sage #18, A{ThRA 10.7.betal

2.6 ‘= L o) =

S8 R T (BN, AT s ) TRES S AR . FRATTSIRTEA T il — LU AH % ).
PATR 2 JURI AT DARIRR N BR%C W5 S5

1. 5 (—> Python pR%, AR 4, 25k foit i WPk IXLERRBORT AR ], (RN BERERL T BBy

sage: def f(z): return z"2
sage: type (f)

<... 'function'>
sage: f (3)
9

sage: plot(f, 0, 2)
Graphics object consisting of 1 graphics primitive

T ERE—THIEE. il plot (f(2), 0, 2) XMt NameError. [N z & £ & LA —NERAEE, £
R LZAMRTE Lo N T RERBAE plot iy o £ (2) , BN 2 (BOHMBITRNE) 2 SO R . FRATTATPA
SN IHBTETL B R AT 26 Rk,

sage: var('z") # define z to be a variable

z

sage: f(z)

z"2

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

B, £ (2) PSR, RIFRATHEE TR EN G5
2. XA ARG R X RIR T A RISy

sage: g(x) = x"2

sage: g # g sends x to x"2
X |—-—> x"2

sage: g (3)

9

sage: Dg = g.derivative(); Dg

R [==> 2%x

sage: Dg(3)

6

sage: type(qg)

<class 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

HE, B g BN S RN, Hoe) 2 MHREAFRZEMIMR, REFAE L, H
B LA WraE ST ORI S R

sage: g (x)

x"2

sage: type(g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g (x).derivative ()

2*x

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3. EPE L Sage” WA B, X LE BT AR, EURS I Bl n] PABEAT Rl R 2
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sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<class 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

B sin NRERRY, ERRERIF cos.

sage: f = sin

sage: f.derivative()
Traceback (most recent call last):

AttributeError:

M £ = sin(x) Bl sin WAIAT, EEEFRIFEA R BN £ (x) = sin(x) R L—ARW AT

sage: S(x) = sin(x)

sage: S.derivative()

X |—=—> cos (x)

PATR 220 L st e LA -
4. JEFUIRAT
sage: def h(x):

50008 if x<2:
et return 0

et else:
00008 return x-2

[ plot (h(x), 0, 4) LHIFRHEL y =22, MARH hE X0 BeR . AR, fEar4$ plot (h(x),
0, 4) W, BPIT h(x), EERERFFF AR < HARE . B, A%Ux < 2 HEIITHEE False,
I b (x) 20T x - 2. ATDAEE DA R O7 AR 2 e

sage: bool(x < 2)

False
sage: h(x)
X - 2

R, XEAPDARR <o T € LEE n (1) Python A8+ (TEHE U2 REkim) Fl Sage i w] i i1

RO AREEH] plot (h(x), 0, 4); I

sage: plot(h, 0, 4)

Graphics object consisting of 1 graphics primitive

5. BN F RO AR R AL

sage: f = x

sage: g = f.derivative()
sage: g
1
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W PAg(3) MBI, £xiRnl—AM4%, #2757 ValueError: the number of arguments must be less than or equal to
O.’, .

sage: type (f)
<class 'sage.symbolic.expression.Expression'>
sage: type(g)
<class 'sage.symbolic.expression.Expression'>

g NTERREL, TR FE, FreAVEBCA RIRIASR, NRERHEM N mA R .
fRRIT S A LR,
o B £ 2 SCNAFSFRIA

sage: f(x) = x # instead of 'f = x'
sage: g = f.derivative ()

sage: g

X |-—> 1

sage: g (3)

1

sage: type(g)
<class 'sage.symbolic.expression.Expression'>

o HCEGRE £ EIRESC, o ESCRAFSERIB

sage: f = x

sage: g(x) = f.derivative() # instead of 'g = f.derivative()'
sage: g

w |=> i

sage: g (3)

1

sage: type (q)
<class 'sage.symbolic.expression.Expression'>

o WEORE £ A g BYEIRTE L, FRE ZR AR

sage: f = x

sage: g = f.derivative()

sage: g

1

sage: g(x=3) # instead of 'g(3)'
1

WG, WAT—FIFEA AR £ = x fl £ (x) = x (IFEL

sage: f(x) = x

sage: g = f.derivative()

sage: g.variables() # the variables present in g

()

sage: g.arguments () # the arguments which can be plugged into g
(x,)

sage: f = x

sage: h = f.derivative()

sage: h.variables()

sage: h.arguments ()

24 Chapter 2. &5




Sage #18, A1ThRA 10.7.betal

2.7 EX
T R . s NN, FEEENIE X 3 AEEA N, A 2R . 3 —FEesaiy,
HAT AP MNAMSEAR S ARARART AR T UL EATT, AR AT e R TR T DA R U A I

o A {..,—1,0,1,2,...}, ¥£ Sage H#H 22,

o FTPRE - B BB B LR - TE Sage HHFRCH 00.

o SEHL, AE Sage HFRHN RR.

« BB, A Sage HFKH cc.

TARIX e DR E , P[] — A2 T RELAR T IR BT AT plan, 25 a® - 2 M
A, V20 SRR, AR AR B R A A B R B 20, I X A2 A TR R
Oy AEREHSE AR, R AR M. Bk, ARVTRERR 2R @ I AR ORI UM A5 .. AR %
ol ST B BRGNS R RN 2 D5 . B4 o ratpoly” Al "realpoly”, {HiX HUF A2 SR,
TR .<” f7.<2>” 43l finda TWAMEL TR 2.

sage: ratpoly.<t> = PolynomialRing (QQ)
sage: realpoly.<z> = PolynomialRing (RR)

WAERATRFR 2 — 2 (PR

sage: factor (t"2-2)

tr2 - 2

sage: factor(z"2-2)

(z — 1.41421356237310) * (z + 1.41421356237310)

ALY Dl TR AERERAT R TR n] REM T B B L3R, PASCERYRREEAFAE M & A K
WIEZWAMEZELE, WS 2 AX, AXEMENEZELR, HS WA R

5 1 308~ 102 T EDSGAE. BAR, eI B

sage: i # square root of -1
I
sage: i1 in QQ

False

R WPRACR i ORI THARE, G, WREsN R AR, W EAR RS nT B TC iU T AR, g
XD, A

[sage: reset ('i") ]

PABRTS 1 B ISR ST R0

FE B - AHEEENMT . TR, 5 1 3R 1R, (2R -1/ * B+ PR,
BB M cc (i) B cc.o Bk cc.gen(0) dR[Al —1 Y * AL SE R, I SRR I, ATRA
AT RANFRBB P BARZE, HS I L. kb imb i,

sage: 1 = CC(1i) # floating point complex number
sage: i == CC.0
True

sage: a, b = 4/3, 2/3
sage: z = a + b*i

sage: z
1.33333333333333 + 0.666666666666667*I
sage: z.imag () # imaginary part

0.666666666666667

(ZF 50
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(#z E70)
sage: z.real() == a # automatic coercion before comparison
True
sage: a + b
2
sage: 2*b == a
True
sage: parent (2/3)

Rational Field
sage: parent (4/2)
Rational Field

sage: 2/3 + 0.1 # automatic coercion before addition
0.766666666666667
sage: 0.1 + 2/3 # coercion rules are symmetric in Sage

0.766666666666667

PATR 2 Sage HH—SERLARIR LR Bl W1 ERrid, APEEA AT DA 00 B Rationalrield () RG] (3%
Eﬁﬂ%&ﬁﬁ@%ﬂ,HQA#EE%TWﬂ¢%ﬁ~AMﬁ,I%ﬁ@ﬁﬁﬂ#AﬁvﬁgﬁK%&%

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

FREHIE 1.2 AR QQ IR AT “aR A A B BRI R A B (B
M EEHLEAE) . BF T V2 RREEE

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqgrt(2) in QQ
False

sage: sqgrt(2) in CC
True

N TAER RN, Sage B A HAIR, BIUTA R, p-adic BAL, REHER, SR, LA
TRH LR i

sage: GF (3)

Finite Field of size 3

sage: GF (27, 'a') # need to name the generator if not a prime field
Finite Field in a of size 373

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # algebraic closure of QQ

True
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2.8 LMY

Sage $ 0t T ARMEACEC P OB HEM I, PIANERERRFEZ T, Birihie .

OV AN TR ek AR A B 1 A4

sage: A = Matrix([[1,2,31,13,2,11,([1,1,111)

sage: w = vector([1,1,-4])

sage: w*A

(0, 0, 0)

sage: A*w

(-9, 1, -2)

sage: kernel (4)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

TR, TE Sage 1, JEFE A MR AT, IR wA = 0 R A w,
KARF R AR ARH I8, [ solve_right HIEHIT . 1847 A.solve_right (Y) ¥R — A4 (ka5 )

X, i AX =Y

sage: Y = vector ([0, -4, -11])

sage: X = A.solve_right (Y)

sage: X

(-2, 1, 0)

sage: A * X # checking our answer...
(0, -4, -1)

5 JCff, Sage 2xiR IR

sage: A.solve_right (w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

FIHE, AIPAMHH A.solve_left (v) R\ HTEXA=Y i) X,
Sage i A] PATH A (EFNRHE [7] 5

sage: A = matrix([[0, 41, [-1, 011)
sage: A.eigenvalues ()

[=2%T, 2%I]

sage: B = matrix([[1, 31, [3, 111)

sage: B.eigenvectors_left ()
(4, (1, 11, 1), (=2, (1, -1, 1)]

(eigenvectors_left Mk iig 2 — & =Jodl (FHEME. FREm . TE) 5%, ) FHEEAE
[ 4 A DA ik Maxima {24 PO, oo s sc8ide; rr BT (IR S Maxima)

WA AT Bk, MR SCERE P IR HIE L. FE R R B, matrix - 5E — 2SR5 Sage £5

TR RO (22) APEOERE (00) BSEUERE (rR)

sage: AZ = matrix(Zz, [[2,0], [0,11])
sage: AQ = matrix(QQ, I[[2,01, [0,111)
sage: AR = matrix(RR, [[2,0], [0,111)
sage: AZ.echelon_form()

(2 01
[0 11

(£ R0
2.8. MR 27




Sage #18, A{ThRA 10.7.betal

(#z E70)
sage: AQ.echelon_form()
[1 0]
[0 1]

sage: AR.echelon_form()
[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

ARR R A SR RO PR R (B AP AR ] &, AR R 73 i TE RO (SEXURSESK) B¢ cor (S
RERESE) b QNSRS R P T LG P2 R SR R, WBRA RS D0 N AP AE UAE RR B co d b, X SEIOR
SCREITAT I DL X 27T 57

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 3]1])

sage: ARDF.eigenvalues() # rel tol 8e-16

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [I[1.2, I1, [2, 311)

sage: ACDF.eigenvectors_right() # rel tol 3e-15

[(0.8818456983293743 — 0.8209140653434135*I, [(0.7505608183809549, -0.616145932704589 + 0.
«2387941530333261*1)], 1),

(3.3181543016706256 + 0.8209140653434133*I, [(0.14559469829270957 + 0.3756690858502104*I, O.
<9152458258662108) 1, 1)1

2.8.1 5ERFZS(A]
Fefl 100 T — AN AEAT AR Q 1Y 3 x 3 FEFEZ[H] Mats3(Q):

sage: M = MatrixSpace (QQ, 3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

(BLANE—A 3 x 4 FHME2s ], A A ] MatrixSpace (00, 3,4) . HWIRZIRFNE, WERINRITH, HIik
MatrixSpace (QQ, 3) 5 MatrixSpace (QQ, 3, 3) & XAHIFl.) HFEZS[A)A HAEE:

sage: B = M.basis()
sage: len(B)

9

sage: B[0,1]

[0 1 0]

[0 0 0]

[0 0 0]

Fefad— R M AYITER.

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

BERBA TR AT O E A .

sage: A.echelon_form()

[ 1 0 -1]
[ 0O 1 2]
[ 0O 0 0]

sage: A.kernel ()
Vector space of degree 3 and dimension 1 over Rational Field
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(#z E70)
Basis matrix:
[ 1 -2 1]
P PR A AT BRIl b 7 SO B Fry 3
sage: M = MatrixSpace (GF (2),4,8)
sage: A = M([1,2,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
e 0,0,1,0, 21,1,0,1, 0,0,2,12, 1,1,1,01)
sage: A
[11001111]
[01 0010 11]
[001 0110 1]
[00111110]
sage: rows = A.rows ()
sage: A.columns ()
[¢, o, o, 0, (1, 1, 0, 0), (0, 0, 2, 1), (0, O, O, 1),
(¢, 1, 1, 1), (1, 0, 1, 1), (%, 1, O, 1), (1, 1, 1, 0)]
sage: rows
r¢t, 4, o, ©, 4, 4, 41, iy, (0, 1, 0, 0, 1, @, 1, i),
(0, 0, 12, 0, 2, 21, 0, 1), (0, 0, 1, 1, 1, 1, 1, 0)]
AT MEA BRI Fo By B3R TR MU 7250
sage: V = VectorSpace (GF (2),8)
sage: S = V.subspace (rows)
sage: S
Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:
[1 000010 0]
[01 0010 11]
[001 0110 1]
[0001 001 1]
sage: A.echelon_form()
[T 000010 0]
[01 0010 11]
[001 0110 1]
[0001 001 1]
Sage (i FHIY S 1y B2 31k A U B ) TR AR A T I BB TR B AR AT RS9
2.8.2 WL AR
Sage SCIFTE T HARIE (PIDs) _EAYHE B ZME AL
sage: M = MatrixSpace (QQ, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()
Sage ML E N T FE (EARE N THEL ) -
sage: M = MatrixSpace (QQ, 50, 100, sparse=True)
sage: A = M.random_element (density = 0.05)
sage: E = A.echelon_form()
sage: M = MatrixSpace(GF(2), 20, 40, sparse=True)
sage: A = M.random_element ()
sage: E = A.echelon_form()
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1HYER, Python j2X4 RK/INEHY:

sage: M = MatrixSpace (QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ..._ _init_ () got an unexpected keyword argument 'Sparse'...

29 ZIUIx,
A, AR ZGHATFE Sage TR 2.

29.1 FFEZHR
QLRI =R

sage: R = PolynomialRing(QQ, 't"'") |

sage: R

Univariate Polynomial Ring in t over Rational Field

SOUAETRIE, J4F Sage 12 BARHHEISAFRC (N AT, AT, BORRATE UIFS ¢, il
BT AL % A£G (1A 5+ 1),

73— ke
sage: S = QQ['t']
sage: S == R
True

DR T ¢ AFEAE IR F) R
B =R AR DT I A 2

[sage: R.<t> = PolynomialRing (QQ) ]
5%

[sage: R.<t> = QQ['t"] ]
HE

[sage: R.<t> = QQI[] ]

RRFHUE A — AV AL, B SCT A b € AR IRIRIO AR E 0, RRAT DABAA IS R T,
élg_ggiﬂ; (R, 45 =FhJ7¥:5 Magma M2 AE AR, I BT DA TE Magma H—REf 7102
AN R

sage: poly = (t+l1) * (t+2); poly
t*2 + 3*t + 2
sage: poly in R

True

TV AR A7 e LR, AR T DA 0" A i AN g Ie:

sage: R = PolynomialRing(QQ, 't')

sage: t = R.0
sage: t in R
True
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B, RURMET RS T EEC RBTABI R AT 1 SR EA Y, IFRATTA AT A

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # Oth generator of CC
1.00000000000000*I

X2 TER, ARATVATE BT PRI [ I3RS S AR s, B8 CORARAE I, R B :

sage: R, t = QQ['t'].objgen ()
sage: t = QQ['t"].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t'])

JEHAE Qt] T — RIS

sage: R, t = QQ['t'].objgen()
sage: £ = 2*t"7 + 3*t"2 - 15/19
f

sage: f"2
4*t"~14 + 12*%t”9 - 60/19*t"7 + 9*t"~4 - 90/19*t"2 + 225/361
sage: cyclo = R.cyclotomic_polynomial (7); cyclo

th6 + t°5 + "4 + 73 + t72 + &+ 1

sage: g = 7 * cyclo * t75 * (£"5 + 10*t + 2)

sage: g

T*tN16 4+ TFENL5 4+ T7FEN14 4+ TrENL3 + 77FEN12 4+ 91+t 11 4+ 91*Ft~N10 + 84*t”9
+ 84*t”8 + 84*t"7 + 84*t”6 + 14*t”5

sage: F = factor(g); F

(7) * £7°5 * ("5 + 10*t + 2) * (t"6 + t7"5 + t74 + t"3 + t"2 + t + 1)

sage: F.unit ()

7

sage: list (F)

[(t, 5), (£"5 + 10*t + 2, 1), (t"6 + t"5 + t™4 + "3 + t"2 + t + 1, 1)]

R, MRS B IR T BT .

WERARAEFADEFE I H KB B4, B4 R.cyclotomic _polynomial, [ T 5| H Sage Z 4b,
WRIE B % 2R e  Sage B WRANS AL AE S B E S0 R 2 A5 B FEXFEOL T, QERIRE A R.
cyclotomic_polynomial?? Z&FFEMM, REBEMESFR—F7 £ = parl.polcyclo(n), X B HE PARI ¥
MTHES B2 REVER P 251 T PARL,

B A2 T A1 0 B0 TR (Sage 2 A1)

il

sage: x = QQ['x'].0

sage: £ = x"3 + 1; g = x"2 - 17

sage: h = f/g; h

(x"3 + 1)/ (x"2 - 17)

sage: h.parent ()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

i [} Laurent 2045, WPALE 00 [x] HY/ KU rhi T B9 BURTT

sage: R.<x> = LaurentSeriesRing(QQ); R

Laurent Series Ring in x over Rational Field

sage: 1/ (1-x) + 0(x"10)

1 + x 4+ x°2 + x*"3 + x" 4+ x*5 + x"6 + x*7 + x°8 + x*9 + 0(x"10)

WERFMNAAL AR NS, FATSBEA R B RS AR,
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sage: R.<x> = PolynomialRing (QQ)
sage: S.<y> = PolynomialRing (QQ)
sage:

b
Il
Il

<

False

sage: R == S
False

sage: R(y)

X

sage: R(y"2 - 17)
x"2 - 17

AR e . R, A8 x FAERAIE S — DA SRR FE .

sage: R = PolynomialRing(QQ, "x")

sage: T = PolynomialRing(QQ, "x")
sage: R == T
True

sage: R is T
True

sage: R.0 == T.0
True

Sage i SCRHTTE B R B ZON Laurent 04030 1E MIRAR BT, JATEIE T F-[[T]] f—4ockK, Hil
AR Fr (1)) B— It

sage: R.<T> = PowerSeriesRing(GF(7)); R
Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*T"2 + T"3 + O(T"4)

sage: f"3
T3 + 2*T"4 + 2*T"5 + O(T"6)
sage: 1/f

T*-1 + 4 + T + O(T"2)
sage: parent (1/f)
Laurent Series Ring in T over Finite Field of size 7

PR TT PAGE U5 1) 5 o B R A -

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

29.2 ZEEZWA
TP AR Z I, FATE e U2 AL &

sage: R = PolynomialRing(GF (5),3,"z") # here, 3 = number of variables
sage: R
Multivariate Polynomial Ring in z0, zl1, z2 over Finite Field of size 5

5 AR R Z WA, HZ I

sage: GF (5)['z0, zl1, z2']

Multivariate Polynomial Ring in z0, zl1l, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0, z1, z2 over Finite Field of size 5

SO, ARARAEEAS B O AT RE, ARAT AR AT 5
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sage: PolynomialRing(GF (5), 3, 'xyz')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

RIS AR

sage: z = GF(5)['z0, z1, z2'].gens/()

sage: z
(z0, zl1, z2)
sage: (z[0]+z[1]+z[2])"2

z0%2 + 2*z0*zl + z172 + 2*z0*z2 + 2*zl1*z2 + z2"2

ARk AT DABE 3 2 B A5 A A 1 2 T CER

sage: R = GF(5) ['x,y,2"']

sage: x,yY,zZ = R.gens|()

sage: QQ['x']

Univariate Polynomial Ring in x over Rational Field

sage: Q0['x,y'].gens()

(%, v)

sage: QQ['x'].objgens ()

(Univariate Polynomial Ring in x over Rational Field, (x,))

LA R W AE Sage F{#JT] Python F ALK “/MicFR” 5P Sage #iJI] T—2& Singular [Si] , 40,
TR IRAR Y S K A 2% Grobner 2.

sage: R, (x, y) = PolynomialRing(RationalField(), 2, 'xy').objgens()
sage: f = (x"3 + 2*y"2*x)"2

sage: g = x"2*y"2

sage: f.gcd(g)

xX"2

ETRBATHEAL (] FHAKF (£, ) FRVA RORAE f A1 g EMAYBEAE (f, 9), (BATPAGML ideal (1£,9]) 5

ideal (f,g) ).

sage: I = (f, g)*R; I

Ideal (x76 + 4*x"M4*y"2 + 4*x"2*y~4, x"2*y”~2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner basis(); B

[x"6, x"2*y"2]

sage: x"2 in I

False

MR —4), LI Grobner FAvE—ASIZR, Mhe— M AIAFS. IERAEEA R, KW, JFHA
A (R, PN SR Grobner SR HARBIRE) -

sage: B.universe ()

Multivariate Polynomial Ring in x, y over Rational Field
sage: B[1l] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

Sage iy —48 (AN ERIRAZL) AT, @it Singular SEL. HIIN, FATATVATHA T 94055
I ERIRE O A0

sage: I.primary_decomposition ()
[Ideal (x"2) of Multivariate Polynomial Ring in x, y over Rational Field,

&)
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(#z E70)
Ideal (y"2, x76) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated _primes()
[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

210 454 . Bt S5EEEGR

AT R AL, {E0 T LR AU Sage thBRRIBCAL FORCGHS , FRARA GRS )
SERA B SRR T

VYR, R SRS, AR LR SCBL. TS B TS L Sage thematic tutorial .

2101 &

IR AEAE Python HHSLBl—AN3F, 55— 2OIH AN ZORFERIZHAMICE x, I MR LT RRUR R 2y
W, BN __add_, __sub_, _ mul__, [RIEERPRERAPRL

i T Python 2 —Fhil A ((HEASHRA) B, WEESHEE NE AL —4 Python 25, 535, Python f
%ﬁfﬂqm»ﬁiﬁ%ﬂ«mm»%%c@ﬁﬁﬁ%@%ﬁ%%ﬁt%%ﬁi%%@%7%%%%%@
LA,

A, AT PABIEE— A2 2 IR SRR S PR DL AR B EE I Te R, BIAnEE. BR. SHe. Agier. fm. UL,
{HIX B R AN R ERA TR W] DAEAG R A 2R3

sage: P.<x,y> = GF (3) []
sage: Q.<a,b> = GF(4,"'z")[]
sage: type (x)==type (a)

True

73—, WA LA ANIF]) Python JEAe SR Rl AR5 4 (AN BR 2 b5 7 s A 1 )

sage: P.<a> = PolynomialRing(ZZ)

sage: Q.<b> = PolynomialRing(ZZ, sparse=True)

sage: R.<c> = PolynomialRing(ZZ, implementation='NTL")

sage: type(a); type(b); type(c)

<class 'sage.rings.polynomial.polynomial_integer_dense_flint.Polynomial_ integer_dense_flint'>
<class 'sage.rings.polynomial.polynomial_ring.PolynomialRing_ integral domain_with_category.
—element_class'>

<class 'sage.rings.polynomial.polynomial_integer_dense_ntl.Polynomial_integer_dense_ntl'>

XA TP — 5T, AR TR R MIE RSB, ATABHI EATH __add_ JriRREMSHIN: (HAN
RIXTCRIETAFAFMIR, WARLRIL. 5—J7h, WRWAICRET A FE L, 2,
HAERENET AFAY Python 38, X I A% 5L H .

Fff DK L8 R VAR R BRI RTE N T RRE
IR, A ITCEAMAE B JE TG . XAl I parent () J7R3RAG:

sage: a.parent (); b.parent(); c.parent ()

Univariate Polynomial Ring in a over Integer Ring

Sparse Univariate Polynomial Ring in b over Integer Ring
Univariate Polynomial Ring in c over Integer Ring (using NTL)
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2.10.2 &4 576

G HJUE A Python RS, Sage R M5 X S C KA ALEE 2L . 7 Sage H & ILR
%gg%ﬁ“Q%WZ#ﬁﬁ*?%%oﬁﬁiﬁﬁ#%ﬁﬁgﬁ%méﬁ,ﬁ*%ﬂ%,%w%é‘%\

sage: isinstance (QQ,Field)
True
sage: isinstance (QQ, Ring)
True
sage: isinstance(ZZ,Field)
False
sage: isinstance (ZZ, Ring)
True

e, ICEI RS B RPUIREN Bl ey “JEmE” . R, Sage HISJRIREEH 5 Tl = IR 454
ZIAA ARG 2ELE . AT, AR5k Python JESTEMEISREL. H38, KA TiBEAE Sage LBl

sage: Rings ()
Category of rings
sage: ZZ.category ()
Join of Category of Dedekind domains
and Category of euclidean domains
and Category of noetherian rings
and Category of infinite enumerated sets
and Category of metric spaces
sage: ZZ.category () .is_subcategory (Rings())
True
sage: ZZ in Rings ()
True
sage: ZZ in Fields()
False
sage: QQ in Fields()
True

E 9% Sage R R AE RIS FESIRAN Y |, (FL Sage (TR BB S b AE AR AR K b TTIAETERE S B
HHLEL PR 52 BUAGTE JH 7 Y R

Sage 1) L5 I R ME— 19 Python k75, BN, — FLAIZE T FUATHS i SRS i 2 291 00 2 T
RIS

sage: RR['x','y'] is RR['x','y"]

True

2.10.3 HE5EH
KM rRingElement H R FE AR W T A& PRI LK. Blan, BATTHEET A, HENAZ

RingElement.Hﬁ§Eﬁmi

sage: M = Matrix(ZZ,2,2); M

[0 0]

[0 0]

sage: isinstance (M, RingElement)
False

FIRAE Sage f SLeE AR ME 1Y, (BAE— ARG PRI AR SCRA—E R MY . X5 Python XfHtLt (A
ARRATR) BEEIAT AL AT :
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sage: int (1) is int (1) # Python int
True

sage: int (-15) is int (-15)

False

sage: 1 is 1 # Sage Integer
False

AR TR F AR E L BTSRRIy, T BT ACE5 4 X 53

sage: a GF (2) (1)
GF (5) (1)

sage: type(a) is type(b)

sage: b

True

sage: parent (a)

Finite Field of size 2
sage: parent (b)

Finite Field of size 5

P, MRBIIAERE, TTRMREHIL BRI R,

2.10.4 B 55aHHR

TEFLENLR , AR — NG TR i 0 75— DS e R . XA TT L2 B St DU B
K (BEFRh 243 ) o
B AR ALEGIA CEF R R A3 XA 24 5 WS . Sage PHLA R AR Bl E. H
Sage ARG TAE Lt b, MAZRE . FrPAEANER: CIiEF HIREE 5 Sage T FEIRYE!
FAVEEX B4 — A S T A UL « TEARRR R SCIUE S 1S S5 T s fil 54 22715 A & thematic
tutorial.
KTHE RRINICE EITEARZE TR, A PRIl -
o ANEMFH AR, AR ITCRHITNESTEEAEE S B 1 + 172 AR X,
KRS — M INE S B, AR A L.
BOE
o QER—ADIFRL UICE 1 W PALASERN T N 00— 3F r2 Wi, IRAPTAE W I r1 AUERE rR2 TTEP
BARIBEEE ARVN . FERAAAET A2, ENN%E 2SR

Sage PEfF | —FhITRIT S WA L Ml P2 RACEEH, p1 2 L LR, IR AR KA pL fE 2 o
R, XTEPT A OL T T RESCA B, BT p1 BB A ORI E L, P HERR A, F-AT
PRZ o Hetf:

GF (2) (1)
sage: b GF (5) (1)
sage: GF(5) (a) == b
True

sage: GF (2) (b) == a
True

sage: a

IR, A YR i] AR —BOBSE U, A& %k4 X (BES)) Felle. $ean)™ e —m b
BREE

X AR AARTR Jy bl . AR E SCT RS, IR B S et —3. 8 OO0 75 5 S 2%
P

L vt 2 p2 (3R BRIt S5 R 2 1 (BIANERRIAS ) o (U(L—2E 1 (TG AT AR B P2 2
AEH, WU IANRE p1 AR -

N
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2. KBS AR W A R AT — B SR p3 B =N ALEEK, IR A pL B P2 BREE S 5 A
p2 B p3 AYSRHI AR H G VAT pL B p3 (e SR H e — 2. FERlE, WRAAEM p1 F p2 M
Mop2 Bl o1 s f AR, WA AL p1 RYTEAEB .

Ft, RERTPAYE oF (2) BB N ICEREN N oF (5), HARESREIFES, N 6F (2) Fl cF (5) Z[BIKA PR
%ﬁﬁﬁﬁﬁﬁ%ﬁoﬁﬂ%gﬁgﬁﬁ%%ﬁ%oﬁﬁm¢,%%@%%ﬁﬁ%ﬁ%ﬁﬁxoﬁ%,ﬁm

sage: R1.<x,y> = ZZ[]

sage: R2 = ZZ['y','x"]

sage: R2.has_coerce_map_from(R1)
True

sage: R2(x)

X

sage: R2(y)

y

sage: R2.coerce (y)

y

WERBA R A FRIPREIES, WA SRSt . SR, FeinT REDAR 2RI RERy, RIS ARG A sl 51 5
7 BT PR A it -

sage: R3 = Zz2['z', 'x"]

sage: R3.has_coerce_map_from(R1)
False

sage: R3(x)

Z

sage: R3(y)

X

sage: R3.coerce(y)

Traceback (most recent call last):

TypeError: no canonical coercion
from Multivariate Polynomial Ring in x, y over Integer Ring
to Multivariate Polynomial Ring in z, x over Integer Ring

(KRN PR B O B e A G i e e B M 22 0%,y Bl zz iy, "= ) BOOREE A PRI S5 00
zz('y', 'x"1 Bl zzar, o) BPREEALEB, KR — DA PR B A AR OR B AL B, R T —
k.

WRAFAE R HI e, BRI T B B e R oA TS AE . Sl AR (8, (EH 7 A% RN == X
A RN G A R TR 7 S EOS M . B, BIK == Wiz W—HocR LSRR, H
WERW L R RIS, WA—EQt. BN, zz R EREAY 1 Bl 2R3, BN AR AT AT A R AsRAT
A IFERY SRR . IR, W H AN R B A BRI ()5 st il e e . TR A 14 :

sage: GF (5) (1) == 1

True

sage: 1 == GF(2) (1)

True

sage: GF (5) (1) == GF(2) (1)
False

sage: GF (5) (1) != GF(2) (1)
True

I, FATA
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sage: R3(R1.1) == R3.1
True

sage: R1.1 == R3.1
False

sage: R1.1 != R3.1
True

— BRSNS R R TR R BB KSR (B % 00) FUARHERRER (B0 FA 6 i R LR 52
Herr), MARERE K. BN 00 B Rr MR HIF -5 M RR B 00 MYHFARIIAH G R%E 00 b RIEFEWUS .
HIE A HTRERY, PUONAE RR H—SEN R AT BRASCRT BEREOL AR S AR Bl s -

sage: RR(1/107200+1/107100) == RR(1/107100)
True

sage: 1/107200+1/107100 == 1/107100

False

RPN SCEEHE LR B2 ICERI, W REBCA ANERZ R 5 e e, (HR — AT AL EE Y P 3 Rl ik,
ifs o1 Al p2 ARGR BT p3. FEXFPEIL T, M KAEREI AR, — DM e A BECH R A B AR
2o, PHERA AR 20

sage: Pl.<x> = ZZ[]

sage: p = 2*x+3

sage: g = 1/2

sage: parent (p)

Univariate Polynomial Ring in x over Integer Ring
sage: parent (p+q)

Univariate Polynomial Ring in x over Rational Field

R, W ESERAE 22 0] B E0S0 AR . SR, Sage 2ot BE—A> MLIE a9 ILIR S5, (7%
FEKE AR (ERATBITHRZ 0o =" 1) o ARILMELEM LR S E TR FFE AR, N T PG5
WZR, Sage RAFEHLEERH A4 ZEHTETAHLHIAE thematic wiorial HFaEAT 1 HERE.

PATR 7 BIIAS 2 B 2 5 ) e A 1) L ] A2 4544 -

sage: R.<x> QO[]

0[]

sage: S.<y>
sage: xty
Traceback (most recent call last):

TypeError: unsupported operand parent (s) for +: 'Univariate Polynomial Ring in x over Rational.
—Field' and 'Univariate Polynomial Ring in y over Rational Field'

JRIA 2 Sage AN iRPRIBAEMEIRLER 00 "= 1 'y 1,000 "y 1['x"1,00["x", 'y']1 B{oO['y"', 'x'] Z—,
I 3K DA X AS ] ) 25 F B L A AR 3L [R] S 4544, I ELYS A W St i B 9 3 %

2.11 FREESMDI/REE

Sage SCRPEARAE. AMREMTF (BIA1 SU(n,q)) . ARRFEFERE (B A& SCAERE) FBTDUREE (BL5TCRR
) WITE. XEEDRERER e i GAP 5 1S .

Bian, LRV EEAE, AR ARSI, AT BT

sage: G = PermutationGroup(['(1,2,3) (4,5)"', '(3,4)"'])
sage: G
Permutation Group with generators [(3,4), (1,2,3) (4,5)]

sage: G.order ()
(B )
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(#z E70)
120
sage: G.is_abelian()
False
sage: G.derived_series|() # random-ish output
[Permutation Group with generators [(1,2,3) (4,5), (3,4)1,
Permutation Group with generators [ (1,5) (3,4), (1,5)(2,4), (1,3,5)1]
sage: G.center()
Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)1)
sage: G.random_element () # random output
(1,5,3) (2,4)
sage: print (latex(G))
\langle (3,4), (1,2,3) (4,5) \rangle
£ Sage i, AR AT ASRIGFHER (LaTeX #5X):
sage: G = PermutationGroup ([[(1,2),(3,4)]1, [(1,2,3)]11])
sage: latex(G.character_table())
\left (\begin{array}{rrrr}
1 &1 &1 &1 \\
1 & —\zeta_{3} - 1 & \zeta_{3} & 1 \\
1 & \zeta_ {3} & —\zeta_{3} - 1 & 1 \\
3&0¢6&0¢& -1
\end{array}\right)
BEAL, Sage 3 SR BRI b A 28 SRR R -
sage: MS = MatrixSpace (GF(7), 2)
sage: gens = [MS([[1,0],(-1,1]1]),MS([[1,1],(0,111)]
sage: G = MatrixGroup (gens)
sage: G.conjugacy_classes_representatives ()
(
[1 0] [0 6] [0 4] [6 0] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
[o 11, 1 51, (5 51, [0 6], [1 2], [5 2], [1 O], [1 4], [1 31, [O 2],
[5 0]
[0 3]
)
sage: G = Sp(4,GF (7))
sage: G
Symplectic Group of degree 4 over Finite Field of size 7
sage: G.random_element () # random output
[5 5 5 1]
[0 2 6 3]
[5 01 0]
[4 6 3 4]
sage: G.order ()
276595200
PRIETT ATESER DUZRHE (L3 B AN TCRRAF ) -
sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')
sage: (a, b, ¢, d, e) = F.gens|()
sage: d * b**2 * c**3
br2*c”3*d
sage: F = AbelianGroup(3,[2]1*3); F
Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H
(ZEF )
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(# E30)
Multiplicative Abelian group isomorphic to C2 x C3
sage: AbelianGroup (5)
Multiplicative Abelian group isomorphic to Z x Z x Z x Z X Z
sage: AbelianGroup (5) .order ()
+Infinity

212 #ig
Sage BAFEILOLIIRE. BilUN, FATILAE Z/NZ hitir ARz :

sage: R = IntegerModRing(97)

sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction ()
2/3

sage: b = R(47)
sage: b"20052005
50

sage: b.modulus ()
97

sage: b.is_square()
True

Sage WL EIRERIEOE KR, BHilUn:

sage: gcd(515,2005)

5

sage: factor (2005)

5 * 401

sage: c = factorial (25); c¢

15511210043330985984000000

sage: [valuation(c,p) for p in prime_range (2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime (2005)

2011

sage: previous_prime (2005)

2003

sage: divisors(28); sum(divisors(28)); 2*28
[, 2, 4, 7, 14, 28]

56

56

SER!

Sage [ sigma (n, k) PRECENN n BIRREUT) k KR

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

N RER Y NI L AR . WL ¢ BRSO F [ 9 A B
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sage: d,u,v = xgcd(12,15)
sage: == u*12 + v*15
True

sage: n = 2005

sage: inverse_mod(3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors (n)

[5, 401]

sage: phi = n*prod([l - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi (n)

1600

sage: prime_to_m_part(n, 5)
401

PR RIRUEA 5 3n + 1 M) — 2L py s

sage: n = 2005

sage: for i in range (1000):
e n = 3*odd_part(n) + 1
P if odd_part (n)==
et print (i)

R break

i, JEs R AR E B

sage: x = crt(2, 1, 3, 5); x

11

sage: x $ 3 # x mod 3 = 2
2

sage: x $ 5 # x mod 5 =1
1

sage: [binomial (13,m) for m in range(14)]

[+, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial (13,m)%2 for m in range (14)]

r¢, 12, o, o, 2, 1, o, 0, 12, 1, 0, 0, 1, 11

sage: [kronecker (m,13) for m in range(1,13)]

r«, -1, 1, 1, -1, -1, -1, -1, 1, 1, -1, 11

sage: n = 10000; sum([moebius(m) for m in range(l,n)])

-23

sage: Partitions(4) .list ()

(r41, 3, 1, 2z, 21, (2, 1, 11, [, 1, 1, 111

2121 p-i##g
Sage FFSCPL T p-iEROE. R, —HAIET p-ubHe, Wi RERUE HOR B

sage: K = QOp(11); K

ll1-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4*11 + 1172 + 7*117°3 + 9*1175 + 5*1176 + 4*11°7 + 8*1178 + 7*11"9
+ 911710 + 3*11~11 + 10*11~12 + 11713 + 5*11714 + 6*11715 + 2*11"16
+ 3*11717 + 11718 + 7*11719 + 0(11720)

(T30
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(B LE10)
sage: b = K(3211/11°2); b
10*117-2 + 5*117-1 + 4 + 2*11 + 0(11718)

TE p- BRI AN EIS, b S BRI O TR T, BSR4 T DATR] 12 sage.rings.padics.tutorial, Jf:[1]
sage-support Google PHEH M & B M 2 E1E B .

1£ NumberField 28 i 2L 250 T 20 i

sage: R.<x> = PolynomialRing (QQ)

sage: K = NumberField(x"3 + x"2 - 2*x + 8, 'a')
sage: K.integral_ basis()

[1, 1/2*a”2 + 1/2*a, a"2]

sage: K.galois_group ()
Galois group 3T2 (S3) with order 6 of x"3 + x"2 - 2*x + 8

sage: K.polynomial_gquotient_ring/()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
X3 + x"2 - 2*x + 8

sage: K.units()

(-3*a”2 - 13*a - 13,)

sage: K.discriminant ()

-503

sage: K.class_group ()

Class group of order 1 of Number Field in a with
defining polynomial x"3 + x"2 - 2*x + 8

sage: K.class_number ()

1

2.13 —EESRBESF

2.13.1 KREJL

& Sage HA] DARE SUIE AU, (A M 29 S REOUR T Q BT BRI ERYFR. Bildn, TR AVHEE A
Dy ZepFEAR SRS AR % SRR T 2734

sage: x, y = AffineSpace(2, QQ, 'xy').gens()
sage: C2 = Curve(x"2 + y*2 - 1)

sage: C3 = Curve(x"3 + y"3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
x"5 + x"3*y"2 + x"2*y"3 4+ y*5 - x"3 - y"3 - x"2 - y*2 + 1
sage: D.irreducible_components ()
[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x"2 + y*2 - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
x~3 + y*3 - 1]

FATIE AT LA 12 FH AT 0 2% eI RN R 2973 R EE NN BT 2

sage: V = C2.intersection(C3)
sage: V.irreducible_components ()
[Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

BT )
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(# E30)
y - 1,
Xy
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Yr
= o= i,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
X +y + 2,
2%yr2 + 4*y + 3]

B, (1,0) #1(0,1) MAEFI ML b (RIMZ W), A2 (T9k) &, BN y BFRH 2 2y +4y +3 = 0.
Sage ] DAV = 4S50 23 0] rpL it = 0 4R A 21 PR

sage: R.<a,b,c,d> = PolynomialRing (QQ, 4)

sage: I = ideal (b"2-a*c, c"2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b"2 - a*c, c”2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring
in a, b, c, d over Rational Field

sage: F.reduced_groebner_bases ()

[[=e*2 + %6, =lb¥e + a¥cl, =b*2 + a*el,

[=o*e + a¥d, =e?2 + b¥el, b2 = a%gl,

[-c"3 + a*d"2, -c”2 + b*d, b*c - a*d, b"2 - a*c],
[-c"2 + b*d, b"2 - a*c, b*c - a*d, c¢"3 - a*d"2],
[=lo¥e + a¥cl, =972 + a¥*c, e 2 = ¥d],

[-b"3 + a®2*d, -b"2 + a*c, c”2 - b*d, b*c - ax*d],
[-b"2 + a*c, ¢”2 - b*d, b*c - a*d, b"3 - a”2*d],

[c"2 - b*d, b*c - a*d, b"2 - a*c]]
sage: F.polyhedralfan()
Polyhedral fan in 4 dimensions of dimension 4

2.13.2 H4Esh%

Sage [ HA 15 i 28 2 BE U5 PARI 1 K0 1Rl Hh £ 3 BE . 1/ Cremona ¥E 28 FR OB (555 n] e 50 4
12). mwrank g (BT 4 Mordell-Weil #£11 2 Yk F% ). SEA Bk, ITHErGRE. 42X F Q ik
RGBT ACAS, DA K Denis Simon ff)— 28050 [ 0004

B HG B 281 6y 4 B1lipticCurve HE IR :
« EllipticCurve([a1, as, as, as, agl): 22 [ 40 1 5] i £&

Y2 + arzy + asy = 2° + axx” + asx + ag,

Horb a; PR ar BISCEEH . WARITH a; MACEEENE Z, ENRgEN Q.
« EllipticCurve([ay, agl): 5 _F1EAHE, 1H a1 = az = a3 =0,

« EllipticCurve(label): 3% [7] 3k B Cremona 535 FERINERIHE 2, A ER (FiH)!) Cremona #7355, %52
— AR, I 11ar B 372, FRRMAUR/NE  (PAKAFIHARE) .

« EllipticCurve(j): iR [A] A j-A455 7 W6 RE B .
- EllipticCurve(R, [a1, az, as, as, ag)): QI XAEFR R FAOMEINML, %7EH) o F L.
BATIE N — T PR AL

sage: EllipticCurve([0,0,1,-1,01)
Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field

(B
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(% 50

sage: EllipticCurve ([GF(5) (0),0,1,-1,01)
Elliptic Curve defined by y"2 + y = x*3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y*2 = x"3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y"2 + y = x*3 - x over Rational Field

sage: EllipticCurve_from_j (1)
Elliptic Curve defined by y"2 + x*y = x"3 + 36*x + 3455 over Rational Field

sage: EllipticCurve (GF(5), [0,0,1,-1,01)
Elliptic Curve defined by y"2 + y = x*3 + 4*x over Finite Field of size 5

#1(0,0) AL B FRY—s, X R y? +y =% — 2. FAE Sage PO A, WIAE(C[0,0]). Sage ]
%E%MEH%L%M&(%Eﬂﬁiﬁéﬁm%ﬁﬁm,ﬁ*%%ﬁﬁﬁ%ﬁ%,E%LE¢%%ﬁZﬂ
EIE

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E

Elliptic Curve defined by y*2 + y = x"3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1L : 0 : 1)

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : —-18784454671297/4302115807744 : 1)
sage: E.conductor ()

37

SRS ERIRRIR 2Rl - A SR, Sage V15T j-AASRANT :

sage: E = EllipticCurve([0,0,0,-4,2]1); E
Elliptic Curve defined by y*2 = x"3 - 4*x + 2 over Rational Field
sage: E.conductor ()

2368
sage: E.j_invariant ()
110592/37

WERFAQ A NEAE EMFE AZRIML, EA—ES E R EA MR, XEHMAAME, H
NENTHFEAI

sage: F = EllipticCurve_from_ 7j(110592/37)
sage: F.conductor ()
37

SR, I FEAT 2 YA W] DAR B — A5 H A Y Hh 2

sage: G = F.quadratic_twist(2); G
Elliptic Curve defined by y"2 = x"3 - 4*x + 2 over Rational Field
sage: G.conductor ()

2368
sage: G.Jj_invariant ()
110592/37
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BATAT AT SR IR 2y L- GBI 3207 ang™ MIREL an . BEITHIH PARIC J:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E.anlist (30)

o, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0O, -1, 4, -9, -2, 6, -12]

sage: v = E.anlist (10000)

X n <10°, HHITH a, ALFILF:

sage: %time v = E.anlist (100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

Ao 5 Bl £ mT PAGE FHE A1) Cremona ARZEFAE . 3X 2 T H 26 F% . Tamagawa (. P78 %5 .

sage: E = EllipticCurve ("37b2")

sage: E

Elliptic Curve defined by y"2 + y = x°3 + x"2 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve ("389a")

sage: E

Elliptic Curve defined by y*2 + y = x*3 + x"2 - 2*x over Rational Field
sage: E.rank ()

2

sage: E = EllipticCurve ("5077a")

sage: E.rank ()

3

FATE AT PAE 517 Cremona ¥ 7% .

sage: db = sage.databases.cremona.CremonaDatabase ()

sage: db.curves (37)

{'a1': [0, O, 1, -1, O], 1, 1], 'b1': [[O, 1, 1, -23, -50], O, 31}
sage: db.allcurves (37)

{'al': [[0, O, 1, -1, O], 1, 11,
b1 [[o, 1, 1, -23, -50], 0, 31,
'b2': [[0, 1, 1, -1873, -31833], 0, 1],
"p3': [[0, 1, 1, -3, 1], 0, 31}

MBS PR IR AT R AN & E1LipticCurve BRI, EATREHREPHICE, RAJL I FEIME . Cremona %4
R —A/NBUUA, BRIAFE Sage —ieir&, FL7H T+ (conductor) < 10000 [ B i e A FRIE S . i8FH
— NSRBI ERUA , 05 X S TR 120000 B2 i 8 (A% 2005 4E 10 /). Sage A —
ANERR (2GB) A e, 7 Stein-Watkins Hidf 122 H EAZ S [ ih 2R 5504k -

2.13.3 IRFI R EISIT

Dirichlet % 122 [A%S (Z/NZ)* — R* (P&, XTHAFR R, WA R ged(N, ) > 1 %L o Wit
) 0 MFE—4 Z — R HIWeET.

sage: G = DirichletGroup(12)
sage: G.list ()

[Dirichlet character modulo 12 of conductor 1 mapping 7 |[-—-> 1, 5 |-—> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |--> -1]

sage: G.gens ()
(8T
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(2 E70)
(Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1)
sage: len(G)
4
Rl g, TGRSR E— e R TI .
sage: G = DirichletGroup(21)
sage: chi = G.1; chi
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |-—-> zetab
sage: chi.values ()
[0, 1, zeta6 - 1, 0, —-zeta6, -zeta6 + 1, 0, 0, 1, 0, =zeta6b, -zeta6b, 0, -1,
0, 0, zeta6 - 1, zeta6b, 0, —-zeta6 + 1, -1]
sage: chi.conductor ()
7
sage: chi.modulus ()
21
sage: chi.order()
6
sage: chi (19)
-zeta6 + 1
sage: chi (40)

-zeta6b + 1

AT AT FLRE Gal(Q(Cw)/Q) Xifix 2t

FAEMIVENT, DASORS B TR0 A BRI 8 -

sage: chi.galois_orbit ()
[Dirichlet character modulo 21

Dirichlet character modulo 21

sage: go = G.galois_orbits/()
sage: [len(orbit) for orbit in
1, 2, 2, 1, 1, 2, 2, 1]

sage: G.decomposition ()

[Group of Dirichlet characters
Group of Dirichlet characters

10
10

of conductor 7 mapping 8 |--> 1,

|77> ll

===

of conductor 7 mapping 8 | ——>

go]

modulo 3 with values in Cyclotomic Field
modulo 7 with values in Cyclotomic Field

-zetab + 1,
zetab]

of order 6 and degree 2,
of order 6 and degree 2]

Bk, AT EERE 20 (KR rC R RRIERE, (EHEAE Q(F) -

sage: K.<i> = NumberField(x"2+1)
sage: G = DirichletGroup (20,K)
sage: G

Group

—polynomial x*2 + 1

of Dirichlet characters modulo 20 with values in Number Field in i with defining.

T RBATIHE ¢ B AL

sage: G.gens()

(Dirichlet character modulo 20

Dirichlet character modulo 20 of conductor 5 mapping 11

|==> -1,
|——> 1, 17

17
[——>

of conductor 4 mapping 11

[-——> 1,

i)

sage: G.unit_gens()
(11, 17)
sage: G.zeta()
i
(ZEF )
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(#z E70)
sage: G.zeta_order ()
4

NHEEXAME T, AR T AMEAEROE R KR SRR AFAL . i1 DirichletGroup MR =ANSHIN G
TE TR IR .

sage: x = polygen(QQ, 'x'")

sage: K = NumberField(x"4 + 1, 'a'); a = K.O
sage: b = K.gen(); a ==

True

sage: K

Number Field in a with defining polynomial x"4 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated by a in.
—Number Field in a with defining polynomial x4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a2

sage: [(chi”i) (2) for i in range (4)]

[1, a2, -1, -a"2]

X H NumberField (x%4 + 1, 'a') 44Jf Sage ¥EFT B k WM AT S (—ANE X 2T ot + 1 %) . 1t
W FRa AR, —H#iTa = k.0 (%M a = K.gen()), 52 giRFEERZTNX 2 + 1 19—
it

2.13.4 ERERX

Sage A PAMEAT—S SHTE M AR, WHETEYER . BT 52508 Hecke BRI

LA RO DA R AR X S (R R 4E R . il

sage: from sage.modular.dims import dimension_cusp_forms
sage: dimension_cusp_forms (GammaO (11),2)

1

sage: dimension_cusp_forms (GammaO (1),12)
1

sage: dimension_cusp_forms (Gammal (389),2)
6112

FERARFA VRS WATEAE 12 A1 1 BTS2 [A]_EIHH Hecke 5517

sage: M = ModularSymbols(1,12)

sage: M.basis ()

([X~8*Y"2,(0,0)], [X*9*Y, (0,0)]1, [X"10,(0,0)1)
sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0 (1)
of weight 12 with sign 0 over Rational Field
sage: t2.matrix()

[ —-24 0 0]

[ 0 -24 0]

[4860 0 2049]

sage: f = t2.charpoly('x'); £

x"3 - 2001*x"2 - 97776*x — 1180224

sage: factor (f)

(x — 2049) * (x + 24)"2

sage: M.T(11) .charpoly('x"').factor ()

(x — 285311670612) * (x - 534612)"2
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AT AT AR To(N) A1 Dy (V) BBAF525 0] .

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols (Gammal (11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with

sign 0 over Rational Field

IEFATH A —LERHE 2 TR ¢ Tk

sage: M = ModularSymbols (Gammal (11),2)
sage: M.T(2).charpoly('x")
x"11 - 8*x710 + 20*x79 + 10*x"8 - 145*x"7 + 229*x"6 + 58*x"5 - 360*x"4
+ 70*x73 — 515*x72 + 1804*x — 1452
sage: M.T(2) .charpoly('x') .factor ()
(x — 3) * (x + 2)"2 * (x"4 — 7*x"3 + 19*x"2 - 23*x + 11)
* o (xM - 2*Fx"3 + 4*x7”2 4+ 2*x + 11)
sage: S = M.cuspidal_submodule ()
sage: S.T(2) .matrix()
[-2 0]
[ 0 -2]
sage: S.g_expansion_basis (10)
[g - 2*g"2 - g"3 + 2*g”4 + g"5 + 2*g"6 - 2*g~7 - 2*gq"9 + 0(g"10)]

FATE Z T AV A R AT 5 25 ]

sage: G = DirichletGroup (13)

sage: e = G.0"2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zetab], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2) .charpoly('x').factor ()

(x — zetab - 2) * (x - 2%*zeta6 - 1) * (x + zeta6 + 1)"2

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of
dimension 4 and level 13, weight 2, character [zeta6], sign 0, over
Cyclotomic Field of order 6 and degree 2

sage: S.T(2) .charpoly('x').factor ()

(x + zetab + 1)"2

sage: S.g_expansion_basis (10)

[g + (-zetab - 1)*g"2 + (2*zetab - 2)*g"3 + zetab*g"4 + (-2*zetab + 1)*g"5 + (—-2*zetab + 4)*g” 6.
—+ (2*zetab - 1)*g"8 - zeta6*g”9 + 0(g”10)]

PATR 2 Sage W15 Hecke S TERUE 2 A EIVE IG5 — 401 1

sage: T = ModularForms (GammaO (11),2)
sage: T

Modular Forms space of dimension 2 for Congruence Subgroup GammaO (11) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group ()

Congruence Subgroup GammaO (11)

sage: T.dimension ()

2
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sage: T.cuspidal_subspace ()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gammal (11) of weight 2 over Rational Field

sage: T.eisenstein_subspace ()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup GammaO (11) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight ()

2

sage: M.basis ()

((1,0), (1,8), (1,9))

sage: M.sign ()

0

(% 50

B T, FRil 1) Hecke 557 (p 280 Hecke 7 T, T, Ts AMAAERAT S 25 A AR ?

sage: M.T(2) .matrix/()
[ 3 0 -1]
[ 0 -2 0]
[ 0 0 -2]
sage: M.T(3) .matrix()
[ 4 0 -1]
[ 0 -1 0]
[ 0 0 -1]
sage: M.T(5) .matrix()
[ 6 0 -1]
[ 0 1 0]
[ 0 0 1]

2.13. —EFEHRPHSF
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CHAPTER 3

32 B3 Shell

TEAFRER KIS NAE T, FAVEEIRM sage A4 JH 8 Sage MEREAS . X% 53—~ Hil iK1 [Python
Shell, H-P AVFZBRBAIR, MEATAT AR A SR FF M o AT DA 1L 448 $SAGE_ROOT/ipythonre 3
PRI THE— I A E . JHEh Sage 7, ST PATELINA:

T
| sageMath version 9.7, Release Date: 2022-01-10

1

|

| Using Python 3.10.4. Type "help()" for help. |
L |

sage:

FIR Y Sage HFEHK Cul-D 84 A quit B exit,

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time Om0.89s)

Wall time 51285 L AEEBE RIS I] . A2 CPU I AR 2 ER 7R (41 GAP = Singular) JiFER) A

(s AE A i F ki1l -9 RIE Sage #EF%, A Sage WA TLVAZ LT-HEFE, 1140 Maple #FE, S35 R
SHOME/ .sage/tmp qjﬁ@WEﬂﬁjtFFo)

3.1 Sage &%

Zxiie A Sage JH S EIIR i 1R 955 A 781 . Sage i iof IPython TSR T4y Sage fij Ao SEbs b, WRARAE
JHH )RS Shell (A2 notebook AT ), ARATVAREIEIA shistory (3 shist) RINHIZ AR A
W FTA 4T, 7 Sage J/RFF NI 2 W DA T A5 ¢ IPython (S ZAF R, fillN, “IPython {&{Lili4 514
NE AR AR T TR ARSORE, HETMENERRR (B THEHNELEE RSN . AT
R RIRZAFAE (AN E e

k=% AN (XER sHell F1 notebook & H)
_: FHXKBAAN (KX ER shell # )
_oh : FTAMAWI Xk (UIXXER Shell #EF)
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Bilan:

sage: factor (100)

_1 =272 * 572

sage: kronecker_symbol (3,5)
2 =-1

sage: %hist # This only works from the interactive shell, not the notebook.
1: factor(100)

2: kronecker_symbol (3,5)

3: %hist

sage: _oh

_4 = {1: 272 * 572, 2: -1}
sage: _1i1l

_5 = 'factor(zz(100))\n'
sage: eval (_i1l)

_6 = 272 * 572

sage: %hist

factor (100)

: kronecker_symbol (3, 5)
$hist

_oh

_i1

:oeval(_1i1)

$hist

~N o O b W N

FATHEABAR TN AL Sage SCRYH IS 1 i 5 -
AR AT ATE Sl R A S R

sage: E = EllipticCurve([1,2,3,4,5])
sage: M = ModularSymbols (37)

sage: Shist

1: E = EllipticCurve(I[1,2,3,4,5])

2: M ModularSymbols (37)

3: Shist

sage: %macro em 1-2

Macro “em’ created. To execute, type its name (without quotes).

sage: E

Elliptic Curve defined by y*2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

sage: E = 5

sage: M = None

sage: em

Executing Macro...

sage: E

Elliptic Curve defined by y*2 + x*y + 3*y = x"3 + 2*x"2 + 4*x + 5 over
Rational Field

TEMf I A 5K Shell I, EA7] UNIX Shell iy -#Rn] DA ST Sage Hif i in_EEILS ¢ R AFT. Hiln:

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

AR [ 4 J H SRS .

PATH A8 50K Sage [y bin H SR A Ei i, HBLAIRIZTT gp, gap, singular, maxima %455, R&155[E Sage
BRFS O AR
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sage: !gp
Reading GPRC: /etc/gprc ...Done.
GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version
sage: !singular
SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<

by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

3.2 iLFERWmAfH T

itk Sage KARAMTRIFEIG (SR AAebo kT 8206 BHUSRAA (RITTESI ), B 1ogstart
fir . A logstart? THFHZIEN . IRATABEIX Ay S TC KRR AR ITA WA . g, SEnrl
TEARRH) AT I A Gl EHnE H &) .

was@form:~$ sage

SageMath version 9.7, Release Date: 2022-01-10
Using Python 3.10.4. Type "help ()" for help.

sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

Filename : setup
Mode : backup
Output logging : False
Timestamping : False
State : active

sage: E = ElllptlcCurve([1,2,3,4,5]).minimalfmodel()

sage: = Q0”3

sage: x,y = QQ0['x,y"'].gens ()
sage: G = E.gens ()

sage:

Exiting Sage (CPU time Om0.61ls, Wall time Om50.39s) .
was@form:~$ sage

T 1
| sageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |
L |

sage: load("setup")
Loading log file <setup> one line at a time...
Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y"*2 + x*y = x"3 - x"2 + 4*x + 3 over Rational
Field

sage: x*y

X*y

sage: G

[(2 : 3 :1)]

WIHARTE Linux KDE & konsole H#i ] Sage, ABAWMPAIZIRDA R IRIAF LG 7F konsole H1JE 5l Sage
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Ja, BERE CWCERT, R PRk, RE CBEDN TR, YIRS R STN, mEE CHET, RS
ORAT DI SRS, FER A DA SR SCAR R RR AT SN RPN SRR, AT DAREH 2K
B miEas (B4 xemacs) FEFTEIH K.

3.3 MR ERIRRFT

MBS R TEAE P 3% Sage B Python I3, F-A ELRFE A I E] Sage . (HIEA >>> B sage: FRFR
BN SEbr b, ARAT DAL S SR A B s B IR 2] Sage o HAiiiid, BRIAIEOUR, Sage MRt fE
f&i% % Python Z 1l X MBRATATHI T >>> B sage: H7R1F. HlAI:

sage: 2710

1024

sage: sage: sage: 2710
1024

sage: >>> 2710

1024

3.4 @it

WRARFE R AR ICE: stime 74, ABAMHATHYI PR EnrEs B G . Flan, AT A LM Rz
HHEE TH ] XTI AEAR R BT RE S AR AN, ERFEAFERADR) Sage Z MBS HIIAFE. HE
254 Python:

sage: Stime a = int (1938)7int (99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

BCROVR B GFENT 0.6 B, “Wall time” HIS L HE BRI 0.6 B, IR HITHLF T, wall time 7]
Bk CPU il K it

FETTART timeit BHORSEAER RUER A T HORBI. BROETRBORIN R, I ERES AR
R

sage: timeit ("int (1938)"int (99484)")
5 loops, best of 3: 44.8 ms per loop

HRRFAT T 5 Sage Integer JEY, B2 ] Cython 1] GMP PESCHLRY) -

sage: %time a = 1938799484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

/1] PARL ) C iEFH 411 :

sage: Stime a = pari(1938)"pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMP IR (Tt h, BN Sage #9721 PARI AT GMP #EA B EUZEH) o
AT LA cputime Ayt —Alay R, WIFPR:

sage: t = cputime ()
sage: a = int (1938)"int (99484)
sage: b = 1938799484

&)
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sage: c = pari(1938)"pari(99484)
sage: cputime (t)
0.64

# somewhat random output

(% 50

sage: cputime?

Return the time in CPU second since Sage started,

argument t, return the time since time t.

INPUT:

t —-— (optional) float, time in CPU seconds
OUTPUT:

float —- time in CPU seconds

or with optional

walltime iy MIFT 045 cputime Mr&RML, R BRI HMIE .

FATEATVAN Sage W& T AN ARSI LR . ARSI, JATIET— A By & AR 3)
AEFF IR ST A o oA QI TR BRI AR, AR BPINEIAT CPU I a2 A7 AL B2 22 5, Wl RE

RIAFAEEAF LA PR RE )AL

sage: time 1938799484;

CPU times: user 0.01 s, sys: 0.00 s, total:

Wall time: 0.01

sage: gp(0)
0
sage: time g = gp('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.04

sage: maxima (0)

0

sage: time g = maxima('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.30

sage: kash(0)

0

sage: time g = kash('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.04
sage: mathematica (0)
0
sage: time g = mathematica ('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.03

sage: maple (0)

0

sage: time g = maple('1938799484")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 0.11

sage: libgap(0)

0

sage: time g = libgap.eval('1938799484;")

CPU times: user 0.00 s, sys: 0.00 s, total:

Wall time: 1.02

.01

.00

.00

.00

.00

.00

.00

R, XM+ GAP Fll Maxima fi¢M% (iZ177E sage.math.washington.edu #l#¢ [1). HIT pexpect 3
HHITTRY, B EN15 i Sage M HE AT BEAR AT

34. HitE

55




Sage #18, A{ThRA 10.7.betal

3.5 Hfth IPython %15

W bFSCErik, Sage {f ] TPython VE Ry i, A AR AT DAGE FIAEATT IPython [ fir S FITIHRE. ARAT AL 52411
[Python 1Y o "R 2L BRIN TS -- 7E [Python H1, X SEPEHR A" Magic iy %"
o WURARAEE A — SIS, ATDAME sedit (B sed B ed) T —4iias. 1EJH3h Sage ZHI,
T P& EDTTOR PRI i BEE A AR B By (B TEE Y CLE AN -profile UM P E export
EDITOR=/usr/bin/emacs B{ export EDITORZ/usr/bin/vim%’?)o %ESage%%iﬁ??Wiihff%edit é?ff

THEE R g SRISTED RS TR AT LAE SC— R

def some_function(n) :
return n**2 + 3*n + 2

PRAFIFIR IR giE AT . 7EF 1Y Sage 1% W], RATAMIH some_function. WIERARIEMEMCE, ATAYE
Sage $2/RfF N A sedit some_function,

o WA AR, I BAME SO B DVE A T HAB AR, WHATITH R srep: XS E—
A% CE R Sage PR, HEARGE .

B

sage: f(x) = cos(x)
sage: f (x).derivative (x)

-sin (x)

VU Q2R ARAE Sage $8/RFF M HIA srep, ARS1FE]— VB Sage $&/R7F, IR —sin (x), JEARTEST
.

WTMFELAFE, WA squickret PAJRAS IPython PRIESHEFEHT . BULASCRE IR (2011 454 J7), Sage
i IPython A 0.9.1, Magic iy 4 301 WIAMELT . A FECH 9 Magic fig 4 R GEHT N AL EAE
XH

3.6 #HRSRT

L, #E A Python “F”, Python H R 244 5| K HEMIREE . HE AR FHEW 4
R, flf: NameError BY ValueError (FE4HREH 4315 0, Python FEZ2% [PyLR] ). fil#n:

sage: 3_2
File "<console>", line 1
27 (3)_2

SyntaxError: invalid ...
sage: EllipticCurve ([0,infinity])

Traceback (most recent call last):

TypeError: Unable to coerce Infinity (<class 'sage...Infinity'>) to Rational

At H AR B B A . ATDABEA epco UME (BRI RHIR)) o WERFTIT RS, MR
I 2t BB AT 1odo>. FERBAR T, W DASTEMERE Rl A B IRAS, e AT R A%l it

sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve ([1l,infinity])

<class Bexceptions.TypeError'> Traceback (most recent call last)
(BT )
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(% 50

ipdb>

1E ipdb> /NPT N HIA 2 PAREUOR I g air 513 :

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias c¢ cont down ignore n pinfo return wunalias
args cl continue enable Jj next pp s up
b clear d exit jump P q step w

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

i A Ctrl-D B, quit 1% [A] Sage.

3.7 REEFRS Tab 12

Fai8ER: ATk, MG cerl-p (BB EHELE) AR AT AR AIZ G 2T LB 947
BIEARSE 4B ) Sage HAYETEHTAZN, XLETNBEIIR T AGE . WATDABE] cerl-r Ml 7 il Rt B fn)
R, PrA XM readline BOFE, WAERZRL Linux AR

TR Tab kb4, EAGAUEE =4k s E V = Q* 4R

sage: V = VectorSpace (QQ, 3)
sage: V
Vector space of dimension 3 over Rational Field

AT PAGE AN AR I R4

[sage: V = Q0”3 ]

IRJE T MR Zy ot ) Tab Ah1H VBT A BRE. R v., SRR 1) Tab 6

7/

sage: V. [tab key]
V. _VectorSpace_generic_ base_ field

.ambient_space
.base_field
.base_ring
.basis

< < < < < -

.coordinates

S

.zero_vector
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MR A BREEDLA T, SREH% Tab 8, NS BR DA B8 REIF LAY BR B

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

ANRARHE I H B AVER , BIUn coordinates FREY, %ij A V.coordinates? JFKIFEIEL V. coordinates??
ERPFW, WA,

3.8 KEFBURS
Sage F GRTIRLE . i ABRECA IR A DAL BRI SRS

sage: V = Q0”3
sage: V.coordinates?

Type: instancemethod
Base Class: <class 'instancemethod'>
String Form: <pound method FreeModule_ambient field.coordinates of Vector

space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates (self, v)

Docstring:

Write v in terms of the basis for self.

Returns a list c such that if B is the basis for self, then
sum c_i B_i = v.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES:
sage: M = FreeModule (IntegerRing(), 2); MO,M1=M.gens ()

sage: W = M.submodule ([MO + M1, MO - 2*M1])

sage: W.coordinates (2*M0-M1)
-1]

[2’

W R, AR RARA, s SCEMSCIE, VAR R R Bk BB, il AR L8R BPRE I 21 24
& LTI X 2R Bl e 0 E shillal, DA IR ENTIE R AR 52tk lfiidistT.

H— AT & Sage TFIRRSHIIITIAERE , WK £ 22— Python BRAL, HBAMIA £22 2 B/RE X £ BT,
B

sage: V = QQ"3
sage: V.coordinates??
Type: instancemethod

Source:
def coordinates (self, v):

nnn

Write $v$ in terms of the basis for self.

nnn

return self.coordinate_vector (v).list ()

5 4 JF ] coordinates B4 FF MY B 2 VA Jl coordinate vector i ¥ 4% 45 L ¥ ¥t N 51 %.
coordinate_vector FREUMHA A7
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sage: V = Q0”3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space () (v)

coordinate_vector PRECKFHH ABRHIFALIRGEA N, HACRZ LA V BT o M RKaE. =E Ve
LR LessE, HAERE Q. TARUWA coordinate_vector AL, ERAMM. FATQIHE—T=H
IELE

sage: V = Q0"3; W = V.span_of _basis([V.0, V.11])
sage: W.coordinate_vector??

def coordinate_vector(self, v):

nnn

nnn

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector (v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows (w)

(WRARNH SEBUSCRART, M AT BU AL PR )
’f/ﬁﬁ{ﬂ[)}ﬁﬁj/\ help (command_name) Ez help(class) ﬂégﬁﬁéﬁfé%’éﬂ‘]ﬁ?ﬂﬁi*ﬁ (;@{L}[ manpage )c

sage: help (VectorSpace)
Help on function VectorSpace in module sage.modules.free_module:

VectorSpace (K, dimension_or basis_keys=None, sparse=False, inner_product_matrix=None, *,
with_basis='standard', dimension=None, basis_keys=None, **args)
EXAMPLES:

The base can be complicated, as long as it is a field.

sage: V = VectorSpace (FractionField(PolynomialRing(ZZ,"'x")),3)

sage: V

Vector space of dimension 3 over Fraction Field of Univariate Polynomial Ring in x
over Integer Ring

sage: V.basis()

[

(1, 0, 0),
(0, 1, 0),
=—=IEEe=—

MR A g BB RGN, RWXEHNERRIEAZ. IR MRS IEESLRE, m
function_name? [¥#i A I B A E L. A help (module_name) HfHIH M. B0, &= [E1E
sage.modules.free_module KP;TE)‘(, ﬁﬁ'/\ help (sage.modules.free_module) EDHZ}E%H;&%&@(@&E@
SCRY . (A B AR SCRYEY, WA A/ TR, WA DAEES A 2 R
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3.9 REMINH B MK
IR — A B IS AR BAF B2, A TS LRAE DM LR T . BB 2 IME? HTHLA
EVRIIEZ DS S

LOBRAEIERR: (CEHRAERIASE R ATE (11 GAP. Magma).

2 G -MAMIN: BRI GHSAT S JysUTE) (GP/PARI).

3. Eval: GATEARRES 1 SEERLICR (4 Singular, PARI).

H1T Sage (#/i] Python, [NICRMIAEMT ik, BIEEXIGEHEIRT CAFPSIAL , Al g — AT A IR X 4 11
TR X5 PART IS Ak th s AL, ORI G TR R B 5 R Sl TR 2% Mok, fR
FARNETE R Z R 0L T e e HEhi, AT EAUSMRE; X Python BT,

JLF A Sage X4 x # AT ALAE G TR X ARAF B #E#E, (HH save (x, filename) (WFAEFZHRILT x.
save (filename) ). THZRXE, i) load (filename) .

sage: A = MatrixSpace (QQ, 3) (range(9)) "2
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

sage: save (A, 'A'")

PAEARNZIRH Sage HEHEZN. RIS MKE 2

sage: A = load('A'")
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

A LAGE R VR AL PSS R0 5, IIRGIRIH £k . SEAF R SR Bir A SR S 0 G —m) A . filan:

sage: E = EllipticCurve('lla')

sage: v = E.anlist (100000) # takes a while
sage: save(E, 'E')

sage: quit

E AFRERRG Y 153K 1T, REAEFAF 11T 100000 4~ ay,.

~/tmp$ ls -1 E.sobj

-rw-r—-r—— 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E'")

sage: v = E.anlist (100000) # instant!

(£ Python Ht, LRAFAIIME M cPickle BIHLAIH. HAANUL, Sage X4 x WPAEAT cPickle. dumps (x,
2) fR1E. JFE2!)

Sage TLIELRAFFIIMAFELE LT AR RS (141 GAP, Singular, Maxima) BIZEMEAX . ENTEH
MBI R “TeRy (invalid)” . fE GAP ", BESRVFZ XA BT ST DASE i, (HARZXTRAIA
7, PIRREA ALV AT BN R #EA T .

sage: a = libgap(2)
sage: a.save('a')
sage: load('a')
Traceback (most recent call last):
(ZEF )
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(% 50

ValueError: The session in which this object was defined is no longer

running.

GP/PARI X G al DARAFRIIN L, PR EATHIFTENZR R AR EA

sage: a = gp(2)
sage: a.save('a')
sage: load('a')

2

(AR SR T AR TR SR S R SRR SERL TR, 00, URFTIAAE 32 £ OS X _FARAF— Ak
K, SRJSTE 64 i Linux EEHAACE , MBI, RIGTHRAEN &, 1A, VST, R
FIBTAHY Sage PHBREMEG S, NIRRT AKIE R . XERIFTAIRYE, DUE FRI% (.
RAFERATD) H 2R Ar. B IAE AN Sage "R BEAELE , W6 2 00 Gk Jo tgh A o 7
io ELARAT DAZE A PR , RO R (0 x._aice ), (AP, HEHE MBI HRA

3.9.1 REFEAXE

VRIE T VAR R 1) ASCIL SCARFIRPRAF BN A0 SCA S, AT AH ABEFTIT ST B AR R T 308
Bl (Rt AT XA KB A Z N R) . FoExg)E, KH S

sage: R.<x,y> = PolynomialRing(QQ, 2)
sage: f = (x+y)"7

sage: o = open('file.txt','w")

sage: o.write(str(f))

sage: o.close()

3.10 REMMBLFTESE

Sage R T PRAT AN B SE B Al A AR R Y S0

save_session (sessionname) ﬁﬁé%%?ﬁﬁ%i%E%%Eﬁééﬁﬁ4jﬁ§5l59§2£§€%¥?iﬁééiﬁ sessionname Hﬂ%zﬁﬁo (%E
DEUIE T, AR R SRR, WARSRAFRI T ) AR SCIER - sobs U, FTRARERAERYH:
EXRHIME . MBXTERFXRES, 2535, FHWENEES, [HANE.

ﬁ]@Lﬁﬁfﬁ load_session (sessionname) ﬁﬁé>¥?sessionname qﬂﬁESKBQEEEiﬁﬂiﬁﬁu%ﬁﬁﬁééﬁﬁo %Eﬁ?, XA
2R YIS P A E L s; eI ai.

58l Sage I € LA .

sage: E = EllipticCurve('lla'")

sage: M = ModularSymbols (37)

sage: a = 389

sage: t = M.T(2003) .matrix(); t.charpoly () .factor()
_4 = (x — 2004) * (x — 12)72 * (x + 54)"2

BNRBATF UG, R LHE SRS RO 230 SRIGEAR T, KR/ANR 3K,

sage: save_session('misc')
Saving a
Saving M
Saving t
Saving E
(ZEF )
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sage: quit
was@form:~/tmp$ 1ls -1 misc.sobj
-rw-r—-r—— 1 was was 2979 2006-01-28 19:47 misc.sobj

(% 50

RIGEHEE) Sage, & —MHOMYAL R, FHIMBRIFHI &N

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

FEARAFRVE R TR . JEA, A8h b WA .

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y"2 + y = x*3 - x*2 - 10*x - 20 over Rational
Field

sage: b

19

sage: a

389
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CHAPTER 4

#0

Sage ;’g—/l\d%blﬁﬁﬁ%ﬁ SCRREE A DR R AR S R, RSk B 2 AR RN R SR X St
s
$Z 1Y console Al interact H¥ARIVEHAER ARl Bilan, LA GAP kfi:

1. gap.console (): IXLXFTH GAP £l & - RHEHRIBNUEFE 45 GAP, {EiXHL, Sage Mg 78—y
FPRsh#s, Z3LITF Linux f¥ bash shell,

2. gap.interact (): X 5 IEAEIZATIY GAP SEBISCH IR 30, LSLHIRTRE “35 77 Sage XF4e. &
AT PAYF Sage MR FAZXA GAP 235 (HEAAMA I FZA) F45.

4.1 GP/PARI
PARI &N 5 . AR SR C By, HEZ R AUZEE. Sage A WA [F 2
PR b A -

* gp -- PARI fffEds

e pari - PARIC JiE

g, AR —AES R PIRSEBTIE . BNERAR -, Hih R L ERAFR, HHaE R AR
T REIRAR .

sage: gp('znprimroot (10007) ")
Mod (5, 10007)

sage: pari('znprimroot (10007)")
Mod (5, 10007)

TEA—FE LT . SR — B GP R R A IR S5 2%, R F4FH ' znprimroot (10007) ' A%
e, 4 GPIMRG, SiRPIRT GP iy — ek (AR T GP R NAFH 2T, RS BoReL) -
RIG R RZA RN, 725 MG, AR, HH 5 znprinroot (10007) ' FEHA
PARI C fﬁl%ﬁﬁ B SEAAFAELE Python RYMENAEH , M BTG I, ZNTRF BRI, X GRA
A28 :
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sage: type(gp ('znprimroot (10007) "))
<class 'sage.interfaces.gp.GpElement'>
sage: type (pari('znprimroot (10007) "))
<class 'cypari2.gen.Gen'>

RS AZAE R —FhIE? IR TARAFEK . GP 2 1 AT DASE MA@ % 1) GP/PARI fiy AT AE 7 H A i] DALY
EATESS, JCHIRARAT AL A4 PARI R P HFI2ATE AT M PARI# M (il C ) REIEZHE.
HIE, ARG R R s, HR, AR, B R BRI R AR, i PART 2 D evk T
. BN, PARLE TR GP 2, WA .

(B2 GP 2 DAETH R A E R A NAFFEY, B a#Eh B SO NI B A . i, W2RAx
BOA IR I NAT, ARSI it . Ol 1Y GP R T- AR — A B 55 . 3
T PARIC R M, B HFEE D OIE RN G PARL HER AT il ok, POt 0. SR, B0
I/ 100MB, 753 WA G0 R AR o XN A2 ] 2 3B P RE ARG - )
BT, Sage f# ] PARI C 4R (L T 15 GP/PART REEREUIRI TN AE, A ZALET HA NI 22 NS
P Python il & -

56, AT Python 51K BIH—4> PARL 135,

sage: v = pari([1,2,3,4,5])
sage: v

[1, 2, 3, 4, 5]

sage: type (V)

<class 'cypari2.gen.Gen'>

A PARI MR IR Geno JRIZXIGHY PARL LB AT A type B 5L BRI AL

sage: v.type ()
't_VEC'

AE PARI | BB HE £, FRATHIA ellinit ([1,2,3,4,5]1). 55 Sage K{l, B& T ellinit &—4
A PATEATRAT] PART X§ 4 FIR B, Bandke1m c_vec v,

sage: e = v.ellinit ()

sage: e.type()

't_VEC'

sage: pari(e) [:13]

[+, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

PAERATA T — IR R, BATTLAT X T ER—EFER.

sage: e.elltors()

(1, 01, [11]

sage: e.ellglobalred()

(10351, [, -1, o0, -11, 1, [11, 21; 941, 11, [I21, 5, O, 11, [1, 5, 0, 1]]
sage: f = e.ellchangecurve([1,-1,0,-11])

sage: f[:5]

[+, -1, 0, 4, 3]

4.2 GAP

Sage Fff#i T s, JUHZHHER) GAP.
PATR 32 GAP [ 1dGroup sEIHI T
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sage: G = gap('Group((1,2,3) (4,5), (3,4))")

sage: G

Group( [ (1,2,3)(4,5), (3,4) 1)
sage: G.Center ()

Group ( () )

sage: G.IdGroup ()

[ 120, 34 ]

sage: G.Order ()

120

FATATVALE Sage HHATMIEATTER, T RV GAP #:0, AR FR:

sage: G = PermutationGroup ([[(1,2,3), (4,5)1,[(3,4)11)
sage: G.center ()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,5)1)
sage: G.group_id()

[120, 34]

sage: n = G.order(); n

120

XL GAP IR, RTTEZEATHER) Sage BXPFAL. AT LAE L AN iy & 58 1

[sage -i gap_packages J

4.3 Singular

Singular f2fit 7 — AP K BRI, 1T AL Grobner Bk, 2502 Wik 2 AL, ~F-1fi i £k 1) Riemann-
Roch #3 [ 5L, DPAKIAI XA 55 FRAVFF 6T Sage % DR R Z u 2 A M BE A0 GE2Z%A ... 0)

sage: Rl = singular.ring(0, '(x,y)', 'dp'")
sage: R1

polynomial ring, over a field, global ordering
// coefficients: QQ...

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*y”"8 - 9*x"2*y"7 - 18*x"3*y"6 - 18*x"5*y"6 +'
et '9*xNe*ry 4 + 18*%x7NT7*y”5 + 36*x78*y*4 + 9*Fx"10*y*4 - 18*x"1lxyr2 !
50008 '9xAxN12%y N3 = 18*xMN13*yt2 4+ 9*x”16')

BAERMEZESCT f, Fl eIt im0 .

sage: f
9*xM16-18*x"M13*y"2-9*x"M12*y " 3+9* M1 0*y " 4-18*x 11 ¥y 2+36*xN 8 y N 4+18*xNTFyrE-18*xN5Fy N 6+9* xN6ry 4
—18*x"N3*FyN6-—9*x"2*y " T+9%y"8

sage: f.parent ()

Singular

sage: F = f.factorize(); F

[17]:
_[11=9
_[2]=%76-2* "3 y"2-x"2*y"3+y"4
_[3]=—x"5+y"2

[2]:
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(#z E70)
1,1,2
sage: F[1]1[2]
XN6—2* x"N3Fyr2-x"2* y " 3+yt4

5 GAP i) GAP /mfil—FE, ?iaﬂ]"fu\ﬁﬁtplfﬁﬁ@ffﬁﬂﬁﬁﬁ‘ifiﬂﬂﬂ Singular # 1 ($R1f1, Sage SZPr I
TEHEJE A Singular 32 1SR IATSLBRTHE) . B ...

sage: x, y = QQ['x, y'].gens()

sage: f = (9*y"8 - 9*x"2*y"7 - 18*x"3*y"6 — 18*x"5*y"6 + 9*x"6*y"4

et + 18* %77+ y"5 + 36*x"8*FyN4 4+ 9FxMN10*yt4 — 18FxN11FyN2 — 9*xN12*%y”h3
et - 18*x"13*y"2 + 9%x716)

sage: factor (f)

(9) * (=x"5 + y"2)"2 * (x"6 — 2*x"3*y"2 - x"2*y"3 + y"4)

4.4 Maxima

Maxima fU %1% Sage ', SR JH] Lisp S¢H. gnuplot {1 (Maxima BRIAHT22 ) 152 Sage fymIgktd s . B
Yifigsh, Maxima i Al PAMEATAFS-484F . Maxima A DARFS LA RO BT, SKIE—Br 8 7 fE (ODE),
RERI St — B ‘77%5, HHEZ iIJuTXT LB &AL W 3y R RO R AZ 3k . Maxima if T
FRASRREIR R KL, AE LS gnuplot HEATEINAE ST, FHF HEASRAFMBRAERRE (AATAL . R AL
i h), PARZ IR 5k

FATIE T M7 — N HE ] Sage/Maxima 10 % T 4,5 =1,...,4, WM 6,7 TR i/j.

sage: f = maxima.eval('ij entry[i,J] := 1/3")

sage: A = maxima('genmatrix (ij_entry,4,4)"); A
matrix([(1,1/2,1/3,1/41,12,1,2/3,1/21,13,3/2,1,3/41,14,2,4/3,11)
sage: A.determinant ()

0

sage: A.echelon()
matrix([1,1/2,1/3,1/41,10,0,0,01,10,0,0,01,10,0,0,01)

sage: A.eigenvalues ()

[[0,4],[3,1]1]

sage: A.eigenvectors () .sage ()

trro, 41, 38, 111, rrts, o, o, -41, o, 1, o, -21, o, o, 1, -4/311, [[1, 2, 3, 411]1]
N AT
sage: A = maxima("matrix ([1, O, O], [1, -1, O], [1, 3, -21)")

sage: eigA = A.eigenvectors ()
sage: V = VectorSpace (QQ, 3)
sage: eigA
(rf-2,-1,11,101,12,111,000,0,117,

[l [[1,1/2,5/61111
sage: vl = V(sage_eval (repr (eigA
1§
(

)); lambdal = eigA[0][0][0]
)); lambda2 = eigA[0][0][1]
)); lambda3 = eigA[0][0][2]

[ro,1,
[1110]
sage: v2 = V(sage_eval (repr(eigA[1][1]
[1112]

sage: v3 = V(sage_eval (repr (eigA

sage: M = MatrixSpace (QQ, 3, 3)
sage: AA = M([[1,0,0],[12, - 1,01,([1,3, - 2]11)

sage: bl = vl.base_ring()
sage: AA*vl == Dbl (lambdal) *v1l
True

sage: b2 = v2.base_ring()
sage: AA*v2 == b2 (lambda2) *v2
True

&)
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(2 E70)
sage: b3 = v3.base_ring()
sage: AA*v3 == b3 (lambda3) *v3
True

fhi, AN H—AME A Sage #E4T openmath 2 ERIBI T AP VFE AAEZ RS Maxima 225 T i

o

LA RE —GEEB GE2EA L)

sage: maxima.plot2d('[cos (7*x),cos (23*x)"4,sin(13*x)"3]","'[x,0,11", # not tested
et '[plot_format, openmath] ")

A BARRE SR “EhS” =4kl (W8A ... .:) ¢

sage: maxima.plot3d ("2"(-u”2 + v~2)", "[u, -3, 31", "[v, -2, 21", # not tested
et '[plot_format, openmath]')

sage: maxima.plot3d("atan (-x"2 + y~3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
et "[grid, 50, 50]",'[plot_format, openmath]')

ETRNZRZEEARSEL S (E28mA ... ) ¢

sage: maxima.plot3d("[cos(x)* (3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)1", # not.
—tested
e [x, -4, 41", "ly, -4, 4]", '[plot_ format, openmath]')

BORM 2R E A R 2% ... .0)

sage: maxima ("expr_1: 5*cos (x)* (cos(x/2) *cos (y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
5*cos (x) * (sin(x/2)*sin (2*y) +cos (x/2) *cos (y)+3.0)-10.0

sage: maxima ("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)").sage ()
-5* (cos (1/2*x) *cos (y) + sin(1/2*x)*sin(2*y) + 3.0)*sin(x)

sage: maxima ("expr_3: 5* (-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

5* (cos (x/2) *sin(2*y)—-sin (x/2) *cos (y))

sage: maxima.plot3d ("[expr 1, expr 2, expr 31", "[x, -%pi, %Spil", # not tested
et "ly, —-%pi, %pil", "['grid, 40, 40]", '[plot_format, openmath]"')
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CHAPTER B

Sage, LaTeX B HBAAE A

Sage 5 TeX [ LaTeX 75 7 Z MIAFAAEE H VI KR AT BN AR LETT A, NEEARRNIT G, &
JEN G BT L

5.1 BEAER

Sage HIEEDS “XIR” HRUAUA LaTeX KR . R ABIL AT latex (foo) KRR ME R, Hf foo 2
Sage HIRAN G, Hith R — P A, S7E TeX MECEAREh R (B, SRETE—X BRI T2
), PR RBOZ BB UEF LRI foo. PATN 2 LR,

sage: var('z")

Z

sage: latex(z"12)

z {12}

sage: latex(sqrt(z"2 + 1/2))
\sqrt{z~{2} + \frac{1}{2}}
sage: latex('a string')
\text{\texttt{a{ }string}}
sage: latex(QQ)

\Bold{Q}

sage: latex(zz['x'])
\Bold{Z} [x]

sage: latex(matrix(QQ, 2, 3, [[2,4,6],[-1,-1,-111))
\left (\begin{array}{rrr}

2 & 4 & 6 \\

-1 & -1 & -1
\end{array}\right)

IR, Sage W] LA RO TA4 7 LaTeX SRR 7 Sage HATHEGTE — XIS foo, X
BMRIT 1atex (foo) , SAJHF LaTeX “FAFHR Y LRI E VR ST H

4 view (foo) ERIE foo MIIEYLGH) LaTeX v, FEGG, &MY S1BAT latex (foo) I LaTeX
FAFER A 2 AR B LaTeX SCRY A, A RGN TeX b PHZ S0, ARG WA GENERL L
SR .

69




Sage #18, A{ThRA 10.7.betal

1t Jupyter Notebook Ht, {3n] LA F 8l 24 A fiv & tH AOTE s LaTeX 7R o ARAT DAL AT sdisplay latex
KA SEY OfEd 4T sdisplay plain {1k,

Jupyter Notebook i F MathJax £ % U7X W s H i 7 7 Y 822 N %5 . MathJax J&— P FF IR JavaScript (2%
SoRTIEE, WDAERTA BRSSP . ERBIE YRS LaTex, (HIFA RS2 81 LaTeX, s LaTex
T4, EARLRRE M. D BECUEH, e 28 FHEMTE Y LaTeX $24 R B

1E Jupyter Notebook 1 [ zf] LaTeX {54t (J2/ sdisplay latex) Zifiid sage.misc.html.MathJax ZEPHHP
SCIAT o AZRIRTGRF Sage XGRS 1atex () 554 h MathJax FF22H) HTML JE, A )54 AU 7E HTML
H.

sage: from sage.misc.html import MathJax

sage: mj = MathJax ()

sage: var('z"'")

z

sage: mj(z"12)

<html>\[z"~{12}\]</html>

sage: mj(sgrt(z”"2 + 1/2))

<html>\[\sqgrt{z"{2} + \frac{l1}{2}}\]1</html>

sage: mj('a string')

<html>\[\verbl|al|\verb| |\verb|string|\]</html>

sage: mj (QQ)

<html>\ [\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\]</html>
sage: mj(ZZ['x'])

<html>\ [\newcommand{\Bold} [1] {\mathbf{#1}}\Bold{Z} [x]\]</html>
sage: mj (matrix(QQ, 2, 3, [[2,4,6],[-1,-1,-111))
<html>\[\left (\begin{array}{rrr}

2 & 4 & 6 \\

-1 & -1 & -1

\end{array}\right)\]</html>

UK 2 T % Sage X4 LaTeX fde, A T X — i RA .

5.2 BE M LaTeX &5k

AILFPITIE AT PAE E L 1atex () Ap& LU L Pr LaTeX AU, HUE XA 1atex WFZ ATk, WA
A latex. (FERXHA ) 5k Tab HRI X LT A,
latex.matrix_delimiters JJ{AR—MMREFHIBIT. EW LARIRESIER: M B RFFS - KIS, s,

AT B ARFI AT, ARATABE IR GHEIC. &, LaTeX Fraf iy S ARHLAE Python “FAFH
5 BRI — DL ATE IR W e 3L

sage: A = matrix(zz, 2, 2, range(4))

sage: latex(A)

\left (\begin{array}{rr}

0 & 1 \\

2 & 3

\end{array}\right)

sage: latex.matrix_delimiters(left='["', right=']")
sage: latex(A)

\left [\begin{array}{rr}

0 & 1 \\

2 & 3

\end{array}\right]

sage: latex.matrix_delimiters (left="\\{', right="\\}")
sage: latex(A)

\left\{\begin{array}{rr}

(B0

70 Chapter 5. Sage, LaTeX RHEAE 1]



http://www.mathjax.org

Sage #18, A{ThRZ 10.7.betal

(B LE10)
0 & 1 \\
2 & 3
\end{array}\right\}

latex.vector_delimiters ¥ TAEFRBE 52 2414,

LRI CREBR. AHE. S%E) RO 2T LAl 1atex . blackboard bold Jykdedaiil. ik sude
AERA DR ARHERR , (8 T AR DA EE RIZAS X B 5 , A Se A3 £ i B s e . 3 vl DA #3 E
X Sage NEI) \Bold{} FELI.

sage: latex (QQ)

\Bold{Q}

sage: from sage.misc.html import MathJax

sage: mj = MathJax()

sage: mj (QQ)

<html>\ [\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\]</html>
sage: latex.blackboard bold(True)

sage: mj (QQ)

<html>\ [\newcommand{\Bold} [1]{\mathbb{#1}}\Bold{Q}\]</html>
sage: latex.blackboard bold(False)

AR I AH Y 2k A LaTeX BT gtk . W LATRINEAASZ, DAMEAE MathJax fif#ff LaTeX Jr Benp i -

sage: latex.add_macro (r"\newcommand{\sqgrt} [1]{ (#1) "\frac{1}{2}}")
sage: latex.extra_macros ()
'"\\newcommand{\\sqrt} [1]{ (#1) "\\frac{1}{2}}"'

sage: var('x y')

(%2, y)

sage: latex(sqgrt (x+y))

\sgrt{x + y}

sage: from sage.misc.html import MathJax

sage: mj = MathJax ()

sage: mj(sqrt(x + y))

<html>\ [\newcommand{\sqrt} [1]{ (#1) *\frac{1}{2}}\sqgrt{x + y}\]1</html>
sage: latex.extra_macros(''")

5.3 BEFE M LaTeX 4hHR

RGO ) TeX A R AL SERE 1) LaTeX XY, B4, 44K view (foo) ), HH foo @2—E4RM
Sage W%, KEZPAET MathJax TLVEALIE. A4 latex_extra_preamble Ty #5234 LaTeX LAY S
FERAY, TR RS AT e X T AR, AR, 3 VER Python FEATER P R EEAUR RHL.

sage: latex.extra_macros(''")

sage: latex.extra_preamble('')

sage: from sage.misc.latex import latex_extra_preamble
sage: print (latex_extra_preamble())
\newcommand{\ZZ}{\Bold{Z}}

\newcommand{\Bold} [1]{\mathbf{#1}}

sage: latex.add_macro ("\\newcommand{\\foo}{bar}")
sage: print (latex_extra_preamble())
\newcommand{\ZZ}{\Bold{Zz}}

\newcommand{\Bold} [1]{\mathbf{#1}}
\newcommand{\foo}{bar}
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IﬁJ*‘:ﬁa Xﬁ?ﬁﬁﬁﬂ%ﬁ%@% LaTeX %:zjjsit7 ﬂu;{%ﬁ@ (j;ﬁ;{m{}_% Ij:‘lf/’_a\?') ‘{?&ﬁﬂ@] LaTeX jC'ffFE/\J
EF%%IMJ\ EJ%": W@%ﬁﬁf %@Ji latex.add_to_preamble éﬁé\bnA%g%/\’ qgﬂq ﬁﬁé\ latex.
add_package_to_preamble_if_available £ Gl H MR SIRAFLE, HIFZ R HFEME S5
K SRR T AL 1) 55 60 e B TeX e DU LB BB R (AT A s AR ) . g
Hi—FE, TR Python SR th i AU AL

sage: from sage.misc.latex import latex_extra_preamble

sage: latex.extra_macros(''")

sage: latex.extra_preamble(''")

sage: latex.add_to_preamble ('\\usepackage ")

sage: latex.add_to_preamble ('\\geometry{letterpaper,total={8in,10in}}")
sage: latex.extra_preamble ()
'"\\usepackage{geometry}\\geometry{letterpaper,total={8in,10in}}"

sage: print (latex_extra_preamble())
\usepackage{geometry}\geometry{letterpaper,total={8in,10in}}
\newcommand{\ZZ}{\Bold{Zz}}

\newcommand{\Bold} [1]{\mathbf{#1}}

A DA A A HAPAE RIS E L, DAR /RGN TR A0 AR B, FATTRs2 il & 5 i ds i —
AATREAFAERI L

sage: latex.extra_preamble(''")

sage: latex.extra_preamble ()

"

sage: latex.add_to_preamble ('\\usepackage{foo-bar-unchecked}")
sage: latex.extra_preamble ()

'\\usepackage{foo-bar—-unchecked}"'

sage: latex.add_package_to_preamble if available('foo-bar-checked")
sage: latex.extra_preamble ()

'\\usepackage{foo-bar-unchecked}"'

SEFHWRAD TeX J7 5, DAS I FIA R AR SR MERT, ] DARE .

ik

Sage JLF-GL$E TR @ AIfH ] Sage Frfgi—4], (H—PNEEWFIINE TeX 5. FHit, FEATFERT,
IR TR B AL e RN TeX RGEDA S — UM i i5de TR . 72 AR A Linux #4 £ T TeXLive f8F,
macOS A MacTeX, Windows A MiKTeX,

AIPAMHEH] latex.engine () ApEHIR G M RAETEE NI latex, pdflatex B xelatex AJ AT . 24
W view () H HEI8ERE N 1atex B, S4B dvi S0, Sage i dvi &F# (W1 xdvi) KIEBRES
B MEZF, Y58 E N pdflatex B, W view () &4 PDF X4, I H. Sage 21 &4t PDF XC
{75 F T2 (40 acrobat, okular, evince 45 ) ,

MTEHX T A%, A ST mnel. BMHXERE, FTESA sage.nisc.latex.
latex_examples Xﬂﬁ%, ii}% sage.misc.latex.LatexExamples 3@5@444\§Zﬁm, ﬁu1<EEi%o Eﬂﬁﬁi%éé%iii
e, HEE. HEHEH pstricks /RG], 43 PAFfL: xy, tkz-graph, xypic, pstricks. FAJE, Xt
latex_examples ffi [l tab #hE A FH N E IR B, P 4547 Bl £ 3 [0 — 26 51 G fef 1E 4 42 B2 R B Ui
BSPRA B N, TFEM view(foo) (FEHW. TIESHREIER).

sage: from sage.misc.latex import latex_examples
sage: foo = latex_examples.diagram/()
sage: foo
(B )
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(# E30)
LaTeX example for testing display of a commutative diagram produced
by xypic.
To use, try to view this object -- it will not work. Now try

'latex.add_to_preamble ("\\usepackage [matrix, arrow, curve,cmtip] {xy}")"',
and try viewing again. You should get a picture (a part of the diagram arising

from a filtered chain complex) .

N R AR AR ) LaTeX ik, 1EFATHE— T tkz-graph LaTeX WA A KRB

ik

tkz-graph LaTeX {1 pof EM) tikz HiZ L. JEHYHEEFE pof JFEAKL M tkz—graph. sty
M tkz-berge.sty. BB REC LR ARG ILHEN TeX LM —B50. BIEAZ, N URAESHI%
HIEE .

B, FATESRA R A S LaTeX SO S 5 M0 R R E NI SHEN -

‘sage: latex.extra_preamble ('\\usepackage{tikz}\n\\usepackage{tkz—graph}\n'

cooo0l "\\usepackage{tkz-berge}\n\\usetikzlibrary{arrows, shapes}"')

B dvi SRS R A 2, R TCIR IR A, NI iRFs LaTeX 585308 pdflatex AJHATICM.

[sage: latex.engine ('pdflatex"') ]

IEHY, 18 view (graphs.CompleteGraph (4)) XFEMI M N I%AE— 17 523 B Ky 1524 K417 PDF,

i b, ATAEBSETE IR, PRS2 BaEMixE, I H pdflatex /2 Sage [FJERIA LaTeX 5%,
WD) Sage JG R ZE% 4

WA, i tkz-graph HEZFEIA] DAY LaTeX R ETERRIIT, L TATREE . H25H2%
F-JJ} sage.graphs.graph_latex &5 $RELIE A FITEA(E B,

5.4 SageTeX

SageTeX j&—Ar ARE— 4 TeX Fl Sage fURRESF . T g4l TeX 7%, fuif LaTeX SR 454, il Sage
TWERFIZEHMFH 1atex () BRALK SR . TG EES LA SageTeX o
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CHAPTER O

wiE

6.1 HnEkFophn Sage L4

PRI TN 455546 S o OB AR S) Sage . G4k example. sage HSCIF, 5
AT P

print ("Hello World")
print (273)

PRATLABE ] Load fir BT example . sage (fF-

sage: load("example.sage")
Hello World
8

PRULAT LA attach fir4-Kf Sage SCPFHEINEIZ AT i

sage: attach("example.sage")
Hello World
8

IAEARIRIE L example. sage SUIFIFAE Sage Hiy A—A>231T (R Rl 5 ) , B4 example.sage BN
R HEE R N4k E] Sage .

R, attach Ay TSI A B S EFINESCHE, XAERBICHERARRFE I, 1 Load fir&UME L
K.

2 Sage I example.sage M, B &FFHAAIY Python, #RXJ5H Python AR AT, BLERHARH RIS &
FER PR R ARAE Integer O W1, R BV F IR AT RealNumber () W1, K ~ Bty <+, FF
RPN R. 2 BN R.gen (2) o HeARJGH] exanple. sage IR GTE S example. sage MR H R, 44
example.sage.py. IR EPATARD:

print ("Hello World")
print (Integer (2) **Integer (3))
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BRI EAALE, ~ #ch ~+. (78 Python Y, ~ FIR “Ro”, 1 »* FR “Fiz®”.)
(X FPFRNTH sage/misc/interpreter.py FHLSZH, )

R HATRPRAQES . (FESC R TEH L), AREEAT AR 24T 4a BEACRD RS Sage . SR, HEAFHY)
T R RS PR A B S, FHFAN_ LT attach Ay RNz,

6.2 GIE%miFIH

AR P B R R, ORGSR AT LKA Rk . R4 Python J&—FhARH T IR Z0E S
(ELA0 SRS D S S B ) 2 1 0 S L RE BT 5, S0 B2 T PALE ] Python SEELBRILA Bk 2. #15R Sage
5e4 ] Python 45, AR ALERLET I X id T N T IV ATXAMGLIL, Sage SCRF—Fhghie A" 19
Python, F% Cython ([Cyt] il [Pyr]). Cython 2&{LlF* Python I C ifi55. K% Python £514, HLIFFIF;ET:
K KRR L += RERICREAR SRR ARIE T DA AH A Python #5b b 2 SRS . BUAh, ARikmT
PAFRIIMER M C A2, FFEERAMERER C FEks. A RIB & C, HHT C giidr il raiF.

R TRV H 4 Sage RS, THRFSCIMAAN L spyx TS (IR . sage). WERMH AT, K
AT DA AL SRR AR — LB A 2843 H0RS (H A, Notebook S HIAN SCHEFR AN AN #K Cython AR ) . 5K
PREmiFRTE “wIa” TR, IRAFIATEM BXEE. fidEm I 0 R TR SHOME/ . sage/temp/
hostname/pid/spyx . IXEEARAEIR H Sage B Hill5: .

Sage FlfEAT AN T spyx SCHF, B, 1/3 7€ spyx USSR R 0, WA AL 1/3, Q2 foo 42 Sage
HR—ANBRE, TARLE spyx X E, HSA sage.all HH ] sage.all. foo.

import sage.all
def foo(n):
return sage.all.factorial (n)

6.2.1 ij5in] 3 by C REY

Vi 1) GE SCAE R *.c SO C BB R A Y. VAT — DBl el — H & NI U test.c M
test.spyx, WALT:

4l C U : test.c

int add_one (int n) {
return n + 1;

}

Cython fUi%: test.spyx:

cdef extern from "test.c":
int add_one (int n)

def test (n):
return add_one (n)

IR UEAT DA A

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test (10)

11

AL AR ZE AN 200 4L Cython SCEEA R C AU, 75 Cython JIGESHRIN c1ib £oo. KM, i
PABEIFE] cfile bar $FEISMY C UM bar WETEHIFE .
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6.3 JhsL Python/Sage RiZ
PARAlST. Sage AT ASTRHEEEL . 2155 -

#!/usr/bin/env sage

import sys

if len(sys.argv) != 2:
print ("Usage: <n>" % sys.argv[0]
print ("Outputs the prime factorization of n.")

sys.exit (1)

print (factor (sage_eval (sys.argv[1])))

N TR BIAS, sace_rooT WAL EFE PATH H ., WRKE FiR A& K factor, NIPAR 2 R :

$ ./factor 2006
2 * 17 * 59

6.4 FiERR

f£ Sage 1, KR GHA — AW SEAL. Python A & LA N B I, M Sage JEif i T B 22 A,
Python P ERBAFEFAFH . SR, Jodl. BERUFE R84, R R -

sage: s = "sage"; type(s)

<... 'str'>

sage: s = 'sage'; type(s) # you can use either single or double quotes
<... 'str'>

sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)

<... 'tuple'>

sage: s = 1int (2006); type(s)
<... 'int'>

sage: s = float (2006); type(s)
<... '"float'>

Btz Ah, Sage iHSIN T VA2 HAMRAL, BN, A

sage: V = VectorSpace (QQ, 1000000); V

Vector space of dimension 1000000 over Rational Field

sage: type (V)

<class 'sage.modules.free_module.FreeModule_ ambient_ field with_ category'>

HARLE R Bl DATE v BV AR HMECEs ARG, LR BT AR BB £55 foo (v, ... K
. 7 Sage . JELERREIHME] v KA (B02K), ALY Java B Cr+ JMRLAYTEI [0 RAFEE I . Bl4n
V.£oo (...) o XA A BT OREE 4 ma 2 2 [l B, I Feife 40 ol [ (EAT o A [R] (8 eR AR PAE T JC 75
W SHRRG A (5 case i) SRpsE il MR %. tAh, QSRR G RES , %R EIR AT (f
L MR R R E zeta, ARAZOTIT Riemann-Zeta BETE 0.5 AEMY(E, FTLAKIA s=.5; s.zeta () )o

sage: zeta = -1
sage: s=.5; s.zetal()
-1.46035450880959
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TEFLEART T ARG OU T, T O (A L, ] ol B P T [ 0 RA 5] R B b sUR R O NN K,
Sage tZHFFH ML KBTS . XA L0617

sage: n = 2; n.sqrt ()
sqgrt (2)
sage: sqrt (2)
sqgrt (2)
sage: V = VectorSpace (QQ, 2)
sage: V.basis()
[, 0), (0, 1)1
sage: basis (V)
[(1, 0), (0, 1)]
sage: M = MatrixSpace(GF(7), 2); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A
[1 2]
[3 4]
sage: A.charpoly('x")
X2 + 2*x + 5
sage: charpoly (A, 'x'")
2r2 4 2%z 5

FHNH AR FTA R REL, T ab theThEE. KRR AL, RIEIERESL DR (cab) BEEITT, WRe Y
w5 Tab 34 HTR,

6.5 FIX. LAFFI

P FHARERH A BT ERBOCRNIIEE. M C. C++ FEF RN (HS5 KB EIR RS A
i), PIRICRMETIEM 0 TFHRIY:

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)1; v

[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type (V)

<... 'list'>

sage: v[0]

2

sage: v[2]

5

(TEPV R HATREIN, A —E 5T Python AYREAEN RG] ) Sage A (A AL, SUEMHAA
__index_ JPVERIMR) HRAILAIEH M .

sage: v = [1,2,3]

sage: v[2]

3

sage: n = 2 # Sage Integer
sage: v[n] # Perfectly OK!
3

sage: v[int (n)] # Also OK.

3

range REAE— L Python M (A2 Sage B4L) JURMIFE:

sage: list (range(l, 15))
[+, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

W BRI i T 91 et S s Ch s 91 e AR A
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sage: L = [factor(n) for n in range(l, 15)]

sage: L

i, 2, 3, 222, 3, 2 # 3, 7, 273, 32, 2 # 5, 1, 222 = 3, 13, 2 ¥ 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

1, 3, 5, 7, 32, 11, 13]

A KA P FAE T N BTHPIRE L A, S5 [PyT] .

PEY e — N ER ISR IR L 2R, B4 Lim:n) REIAEE m AITCEFFHRENEE (n — 1) DT
RETRW AR, arrpoR:

sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

5, 2 = 3, 7, 273, 3°2]

sage: L[:4]

[1, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 5, 274, 17, 2 * 372, 19]

TCHSHNRFEML, AR ERAAER, —BA#ERGEEN.

sage: v = (1,2,3,4); v
(1, 2, 3, 4)

sage: type(v)

<... 'tuple'>

sage: v[1] = 5

Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

92 5 = PRI ) 51 20 Sage KA. HHIEMITAARF, FFHIAE Python WERA, BOAER T, FolE
AAEH, (ERT AR sequence 2KT7IK set_immutable RRHBLENATIAL, WPATRBITHR. FFIIHIEA I
EEB TR —DIOHR, BT, (universe).

sage: v = Sequence([1,2,3,4/5])

sage: Vv

[1, 2, 3, 4/5]

sage: type (v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1l])

<class 'sage.rings.rational.Rational'>
sage: v.universe ()

Rational Field

sage: v.is_immutable ()

False

sage: v.set_immutable ()

sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

FEAIRA: BB, AT ATEARAT 75 2251 4 i i ik -
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sage: v = Sequence([1,2,3,4/5])
sage: isinstance (v, list)

True

sage: list (v)

[1, 2, 3, 4/5]

sage: type(list(v))

<... 'list'>

BB, ESRRER AT, A RER R AT S R EE

sage: V = Q0"3; B = V.basis(); B

[(t, o, 0), (o, 1, 0), (0, 0, 1)1

sage: type (B)

<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe ()
Vector space of dimension 3 over Rational Field

6.6 o

FHt (IR R RIREAL) M PTG X5 (FIANFArER . B focdiss:; $RE 2 00 Python SCRY
http://docs.python.org/tut/node7.html F http://docs.python.org/lib/typesmapping.html ) FI & N5 HIBRLST

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type (d)

<... 'dict'>

sage: list(d.keys())

[1, 'sage', Integer Ring]

sage: d['sage']

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

=AU P UL R T AT AMRA 2%, IR R
R AT DA b7 S o BAT R [ R 145102 -

sage: list(d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

R AL P S ) L Y B (R -

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

I s R, FHGR IO .
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6.7 £8§
Python A7 WEEAYAE A AL, ERMH FEINRERIEEH TR EEIELE T, ARARELEAIEZHE .

sage: X = set([1,19,'a'l); Y = set([1,1,1, 2/3])
sage: X # random sort order
{1, 19, 'a'}

sage: X == set(['a', 1, 1, 191])
True

sage: Y

{2/3, 1}

sage: 'a' in X

True

sage: 'a' in Y

False

sage: X.intersection (Y)

{1}

Sage A7 B OIS A II (FERLLEE DR B Python PR G 2EBUSCHL) , (HEA 245 Sage M XAYHS
Hifig. B set (...) KBIH Sage ey, BilUn:

sage: X = Set([1,19,'a'l); Y = Set([1,1,1, 2/3])

sage: X # random sort order
{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3}

sage: X.intersection (Y)

{1}

sage: print (latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set (ZZ)

Set of elements of Integer Ring

6.8 EMN 2

LA Python St YN I IIRE, FERC2 I REIA M . XEAILEIT PRSI [PyT] . FA16])23
— A EERECF O REE RS, _EFRA 10000000,

sage: v = (n"2 for n in range (10000000))
sage: next (v)

0

sage: next (v)

1

sage: next (v)

4

FATEIH—A dp + LB RBOEAAS, Hb p WERE, HAERRILME.

sage: w = (4*p + 1 for p in Primes () if is_prime (4*p+1))

sage: w # in the next line, 0xb0853d6c is a random 0x number
<generator object at 0xb0853d6c>

sage: next (w)

13

sage: next (w)

&)
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(#z E70)
29
sage: next (w)
53

FLLEER, BIANA BRISCRIRE O A 5 2 RIS

sage: [x for x in GF (7)]
(o, 1, 2, 3, 4, 5, 6l

sage: W = ((x,y) for x in 7ZZ for y in ZZ)
sage: next (W)

(0, 0)

sage: next (W)

(0, 1)

sage: next (W)

(0, -1)

6.9 fEIN. By, IZHEFDFOLLE
eI E AT T 23 LAY or TRSFHMEARH. 15 Python i, for JRFFEATAHIELH, fHIlN:

>>> for i in range(5):
print (i)

Ssw N O

LR for IFRAIRRERES (A GAP B Maple H477do” m70d”) , VAKAEENMA (Bl print (1)) AIRI4HHE.
AR E S, 7 Sage o', MARIE” JGHET enter B, SHZIASMGEE, WTFFIR.

sage: for i in range(5):
e print (i) # now hit enter twice

S = PR A5 == SR

sage: for i in range(15):
e if gcd(i,15) == 1:
50008 print (i)
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HACH IR E £, for Ml while THAJHYBREEH :

sage: def legendre(a,p):

P is_sqr_modp=-1

et for i in range(p):

50008 if a $ p == 172 % p:
P is_sqgr_modp=1
et return is_sqgr_modp

sage: legendre(2,7)
1
sage: legendre(3,7)
-1

LR, XA ZHEFERTS (Legendre symbol) RSBl € H2 N 115 Python/Sage 424517 il - Sage
Fr¥AH A PR 4XC {kronecker}, WTDATHE i 1] PARI f) C PR Rt it B8 EERT S

ﬁ%})ﬁ FATHEZENEFZ MM, ==, 1=, <=, >=, >, <, SHINRH BRI (AR TR
)

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

{8 bool A HWFF-5 A4

sage: x < x + 1

x < x + 1

sage: bool(x < x + 1)
True

TELCR AR B XNTR, FERZHUEOLT, Sage 25K BI P WL RIZ L0 (S WAL 44, #4815 5% 45
Ak TREZYNAY ). WY, RO R R S 2 m T ISR, AT RS, B
M 2 B U FE 4, W is. EFEXREIHIRATEEE], Python 381 1 2 ME—fy, T
Sage $&A 1 NIASZ:

sage: 1 is 2/2
False

sage: 1 is 1
False

sage: 1 == 2/2

True

FELAT AT D H, 55— 220N False, BN Q — Fs IARHEIRIRS, ILICEERFFs i1 51€Q
PEATHA . MR, HTAFE Z — Fs BOARHERUS, DIIEER —ANHBCR True. TEERRIZ, T AR N04S
R

sage: GF(5) (1) == Q0(1); 0QQ(1l) == GF(5) (1)
False

False

sage: GF (5) (1) == ZZ(1); ZZ(l) == GF(5) (1)
True

True

sage: 7z (1) == QQ(1)

True
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ek Sage I HL H Magma %A%, Magma 2750 1 € F5 %F 1 € Q.

sage: magma ('GF (5)!1 eq Rationals()!1") # optional - magma
true

6.10 THEESTHT

LRI Z PR - Donald Knuth
W AE# 1 Martin Albrecht <malb@informatik.uni-bremen.de>

A A AR A P LU BT T IR L AR 2y o5 B 2 TSI )5 33K AT AR et AR R 2 R T ARAL
Python (PAJ Sage) #24 TJLARMAERE T TR, XA AR A HEREI T .

i B 7 3 i 2 5K shell Y prun iyl E%ﬁlﬁl#/\ﬁ'%, kMR R BAE T 2 DTSR A
. BT U R RE (AR 1.0 M RIARIE L), AT DAISREAC:

sage: k,a = GF(2**8, 'a').objgen()
in range (10*10)1])

sage: A = Matrix(k,10,10, [k.random_element () for

sage: prun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno (function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem_ )

1000 0.120 0.000 0.370 0.000 finite_field element.py:392(__mul_ )

1903 0.120 0.000 0.200 0.000 finite field element.py:47(__init_ )

1900 0.090 0.000 0.220 0.000 finite_field_element.py:376 (__compat)
900 0.080 0.000 0.260 0.000 finite_field element.py:380(__add__ )

1 0.070 0.070 1.100 1.100 matrix.py:864 (__mul_ )
2105 0.070 0.000 0.070 0.000 matrix.py:282 (ncols)

XH ncalls 2P WAL, tottime 44 PREAE 9% 10 IR CRE G 7R A ISR]) | percall &
tottime DA ncalls IFT. cumtime s2iZ RN ITE TREEZ A mtEl (B, MIEHFEEEY), percall
Ecumtlme B,%[/)U?ﬁ Ul]ﬂ%{)\ﬁ[lﬂ{]ﬁ filename:1lineno (function) ?,—51 T-!:/\ ég!‘j[ﬂﬁ*ﬁﬁéﬁﬁ ]’%ﬁ'ﬁﬁ’ﬁ
HEREIENE : P FRBEE R R, HACH IR, TS R AT

5%1£~1¢ prun? Ay 4R BT PR W e AER AR L PR 5 SR ) .
RE TR0 AT DABRAF B — R rb, AR T SR A A A

sage: Sprun -r A*A
sage: stats = _
sage: stats?

R HiA stats = prun -r A\*a 2XE/RIEERIRIEE, B4 prun /Z IPython shell Ay %M AN 2 5 AL bR £ o

N T AP CA BB AL 7 R B AT EE, AR AT LA hotshot Zp A, hotshot2cachetree M, PAK
kcachegrind FE/F (fUFR Unix). PATRZ2 (] hotshot 734 s 7 i

sage: k,a = GF(2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element () for in range (10*10)1])

sage: import hotshot
(BRI
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(% 50

sage: filename = "pythongrind.prof"
sage: prof = hotshot.Profile(filename, lineevents=1)

sage: prof.run ("A*A")
<hotshot.Profile instance at Ox4l4cllec>

sage: prof.close()

XA B TAEH P A 4> pythongrind. prof 3CfF. BUAER DARFHFEASCA cachegrind A% AT AT HAAL
J&R o

FERG A, BA

[S hotshot2calltree -o cachegrind.out.42 pythongrind.prof J

iﬂ%{, %ﬁﬂjj{ﬁ?cachegrind.out.42quLﬂﬁkcachegrindigigo ﬁ%%fﬁ?, %%%gﬁ%??ﬁﬁé%?@ﬁgcachegrind.
out . XX,

6.10. HEEDHT 85
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CHAPTER 7/

{& F SageTeX

SageTeX {1 ALV/FH N Sage THAEAE AR A S LaTeX SOy, BHEE, T L4 B (HSHL TeX 7
3| SageTeX ) .

7.1 RBl

%T%#ﬁﬂlﬁ%ﬁ%ﬁﬂ’] SageTeX {ﬁﬁﬁﬂ?ﬁﬂ o %%ﬁc%ﬂuﬁ SAGE_ROOT/venv/share/doc/sagetex q:‘?ﬁﬁl] ,
Hrf saGE_ROOT & Sage &% Hok. % H RS SURYFI/RBISCHE. 117 SAGE_ROOT/venv/share/texmf/
tex/latex/sagetex DAFRHIL—LLT] 84 A Python 7.,

BT fift SageTeX (Y LAEJFEH, 4R SageTeX MLt (FEik TeX i3] SageTeX 1) #E, HFFATF X
ARG B —A 48 st_example. tex [ASC{E:

e

WESRARAE “SEmp” B ARINE, TR SA IV RAEH IR, HENESRES L
R SCA o

\documentclass{article}
\usepackage{sagetex}

\begin{document }

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are

S\sage{number_of partitions(1269)}$ integer partitions of $12695.
You don't need to compute the number yourself, or even cut and paste
it from somewhere.

Here's some Sage code:

\begin{sageblock}
(ZEF )
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(B L)
f(x) = exp(x) * sin(2*x)
\end{sageblock}

The second derivative of $f$ is

\ [
\frac{\mathrm{d}*{2}}{\mathrm{d}x*{2}} \sage{f(x)} =
\sage{diff (f, x, 2) (x)}.

\1]

Here's a plot of $f$ from $-15 to $1S:

\sageplot{plot (f, -1, 1)}

\end{document }

AL —HETE st_example.tex FizfT LaTeX. 7L LaTeX &7 —2u8 i

Package sagetex Warning: Graphics file
sage-plots—for-st_example.tex/plot-0.eps on page 1 does not exist. Plot

command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or
plots. Run Sage on st_example.sagetex.sage, and then run LaTeX on
st_example.tex again.

WYERE, BT LaTeX JERE M SCIFE G, A —1% K st_exanple.sagetex.sage M3, XETE
st_example.tex [izafT LaTeX B4 i) Sage B4, 25 D45 FRTE st_example.sagetex.sage &
17 Sage, THUTMBBOFHITENE. B EIFIRFHRTE st_exanple.tex [izEfT LaTeX, {HYEMLZHI, HHE
B st_example.sagetex.sout CAIE. % ICIFELF Sage THE R, Wk LaTeX 4 A 2RI SCA
WA TN EPS SUARETH SR FRRIZAT LaTeX, {REF F Sage tHE A EIN A WA CH S TER
SRS

A A8 AP AR R 2 2 PR . sageblock MBS FAEHERR ARG IS, FFAEZT Sage WHHATAS . 24
RIAT \sage{foo} B}, FHARISCRYH AL ZTE Sage NHRIZAT latex (foo) REIMLER . 2K a2 FEi
e [AfER AL, \sageplot{foo} AR EH foo.save ('filename.eps') fHE|H K.

— kU, HRAEBIRE
o fE.tex X Fi21T LaTeX;
o FEAE B sage S FIBAT Sage:
o FRiz4T LaTeX,
AR SR A ST AT Sage fin%-, MW DA BEIBAT Sage.
SageTeX N HRZ M, HT Sage fll LaTeX AR @5 48 Him R TH, HI 1L SageTeX [1)CHY SAGE_R0OOT/

venv/share/doc/sagetex,

7.2 il TeX {25l SageTeX

Sage BA B2 B &), (HALE T2 T— 2T WA BEIEH TAE. SageTeX g2 ez —.

SageTeX 1 RV 7E LaTeX U i Ak H Sage AT AN K . Sage HERIN L% T SageTeX, {HELfE LaTeX
SCRY P AE ] SageTeX, RFFESELL TeX HEIE .
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FKHEIET TeX FFERENS T T sagetex.sty, 1% AL T SAGE_ROOT/venv/share/texmf/tex/latex/sagetex/,
Hrfr sAGE_ROOT J@ M4 Bl 45 Sage [ H 5. UWIR TeX GEFLE] sagetex.sty, WA SageTeX winl PA T.1E.
B ILFPIER] PASEBLIE — A

o RO, MR EET A VA RN sagetex. sty Bl F| 5 LaTeX SCRYMH R H . FEHRBOCR,
W, BSEERMEHR, B R maasy.
EX B EA AN H5E, SFETHENL L= ERE ARSI sagetex. sty # U, Hik, H/H
IS, WERTTHL Sage HRAFHIAS ) SageTeX, Python fURLAI SageTeX [f) LaTeX (LAY ] HEA FHIL
Bic, AIMSBEE R

o BB YEEMH TEXMFLOCAL FRIEAN T . WIARARME I AY/E bash shell, W] DA AR :

$ export TEXMFLOCAL=SAGE_ROOT/venv/share/texmf
$ mktexlsr # update kpathsea 1s-R databases

Horr sace_rooT J2 Sage TR E . ZJ5, TeX FIAHRALFFFHLE] SageTeX HEA IO, MARARAE fHX A
MRS, MDA B —ATHS N E] .oashre CPFH . ARARGET 2 A Y shell, 7l GEFG 25
HEPA b ip @ A THEFRSE AR BT FE PP shell B9 SCRE A 1 R a4 4 .
URARRE SN T Sage 14225 H SR e H 2238 THICA, 5 2By sace_root HUFr Eiday 4.

o ik TeX U sagetex.sty M =Rl (MR MAR) Jrik, RRZICIFE SR H b i — 07 (AL
Bo KRZH TeX RATM S HEMRER EH R texnt HRATHE. ZHY] 7R H R WAE, 8
TEAN A TR AAT AR 4 -

[$ kpsewhich -var-value=TEXMFHOME J

KT EIH— N H 3%, B0 /home/drake/texmf BY, /Users/drake/Library/texmf, i U2
5]%‘7‘ SAGE_ROOT/venv/share/texmf/ T tex/ E%Eﬂ?ﬂ?u%ﬁ%ﬂ/\] texmf H3¢:

[$ cp -R SAGE_ROOT/venv/share/texmf/tex TEXMFHOME j

HorAr sSAGE_ROOT 1159k +2 Sage 431 ., TEXMFHOME 4% kpsewhich A3 FIZE R,

WISRARTIH T Sage H- & B SageTeX Joik T/E, mIPAMI A TSR LR IR DA PR SageTeX 1) Sage 5
1 TeX AR A .

o« MTZHP ARG LRy Z2ess, HREEEUB M EiRIES, ¥ sagetex. sty EHlB| ARG LRI TeX HH,
T HIEFE T RE R M AR S5 5R, 1A2 TExMFHOME H 5% :

[$ kpsewhich -var-value=TEXMFLOCAL ]

XA BE & P A BT /usr/local/share/texmf [J4E R, M Fid 5 XK tex HFE HlF)
TEXMFLOCAL H3gH ., IIFETT Bl iz 1T DA A 558 TeX e 5 8 :

[s texhash TEXMFLOCAL ]

PA root B fy, 48 d TEXMFLOCAL., FUFE RS T F ARV PATTIA) LaTeX 4, WRAMATHREETT
Sage, ATk PAGH ] SageTeX.

Bk
PR LaTeX ZEHERR TS Y sagetex. sty U5 SageTeX (i I MUA LA, iX— A2 KR E T, R
T+ T Sage, NAZMFEITA IHRAN sagetex.sty.

M T, FRATEEBCR SageTeX SCPFAZ il 2 1 H %00 texmf Higrh (BIRSE 3 Fhorik) . Xk, TH
Sage If, (UFEM—MFdE (B2 H %) RIATAHLR SageTeX IE# TAE,

7.2. it TeX iR%l SageTeX 89
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7.3 SageTeX 15
BRI B T2 i) —FR 5, (EAEARAE LI Je /2, SageTeX (1) SURY4EH HE SAGE_ROOT/venv/share/

doc/sagetex/sagetex.pdf. [d—HFHBRH —PRBICMH: - iES L example. tex fil example.pdf, Xi2

{1 LaTeX FI Sage Xz SCIFREATHERBUR B AR IR EE R o ARtLAT DA SageTeX 1A FREUGXLESCAF:

7.4 SageTeX 5 TeXLive

—METER S N B A U2 A T TeX & ATh TeXLive £175 SageTeX . HARF AL RAR 7 i, {HX}T SageTeX
M, Pk Sage #3431 LaTeX 4[R2 & AEH B -- FEXFMELT , XWLCH T — A8, B Ak
ARG RAT IS B R 1L TeXLive nJ 85 B 77 TeXLive 43 K MUASANF 25, 11 f5 & vl 685 24 A1 1Y
SageTeX AN [E .

P, 3% 2L SURIG A4 I B U], A Sage 2% SageTeX (1) LaTeX #i4r. LA ULHAFF 1 {f SageTeX [
PSR AT IR AR
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CHAPTER 8

8.1 At 4k Python?

8.1.1 Python g9t &

SR WA T AR i T g 3 BE = S5, ] Sage 1) FELLHLIE T /2 Python (AL [Py] ). Python HA
PATR LR AT

-gi%ﬁﬁﬁmM¢ﬁﬂTﬁﬁ%i%oWmmfﬁi%ﬁ(R?)E%N%ﬁﬁﬁ%ﬁi@ﬁﬁ%

o PRACHD XS eR BRI L) SORSCRpARRF, A3 A SR BOCRA B il Br i 7w Bl X SR fl A
ht, FFAUEITU AR,

o WAFSEBIL: Python BUAT Y NAFAE B AR ISR SR AR BT RS T HLSROK, T PAIE WAL BRIERRG I, HF fois
SR Y RS

« Python #4424 Sage Ji PB4 B 40 B ArBrRIZpE AL, 2D 13D i ¥4k, W% (JT407
KRS, Bl twisted) , STHEFE 274

o WRHKitE: Python ZE RZHT-5 b, KL 80 RIWT A8 AL 2513 Python.

o SHALBL: Python #I5 R« HAS TR S A PR AR S, BIACHS B4 1%, RERr R s .

o ARG Python B & RIAAY, PRSL 40K il T3R0S R 2R s, ) P ol AT MR B AR BR B, e
TR ERPRAS, I BT

o PERESHTES . Python JAMEREATAY, BT ITAIE— MRS, WA SR B ik
@IS

o —[1i& & AHET Magma, Maple, Mathematica, Matlab, GP/PARI. GAP. Macaulay 2., Simath %
FEEEGR S ) Wi, AT Python 155, B —FiTMITENIES, mEEALKF ik
{4 TAEIMABWTT Z A AL . Python & —PNEEMFFIFINEG], A BRI LiifE (W [PyDev] ).
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8.1.2 Tif##HT2E: Sage 5 Python 2 gAY X 5
Python [ —285# 0 AT GBS NREK, At Sage £ 25 THIHYAT4 5 Python AA].

o SREGETATNA RIL: > vs ~o FE Python Ht, ~ FR “RE”, MANRIEEUEE . HIFE Python HhIkf]
g

>>> 278
10

>>> 372
1

>>> 3**2
9

~ BRXBRTE T RER A RE , I BT AUBA R A e, PO Sl s8R A S 75
TEE UL, Sage fEXFFTA Ay A THE 47 Python 2 BIFAR S IEATHUMRMT, KEALETFATH sy ~ Beffedy =

P
sage: 28
256

sage: 372

9

sage: "3"2"
13401

L

Sage HAHE AL BOZ AT o X HIE T RHLZ BATN Tt HLZ BAF =

-
sage: 3""2

1
sage:

AN

= 2

sage: 8

[V R

sage:
10

o RBRTE: Python EiAa 2/3 HAGEEEZRATTTUARIARGE . 2/3 RIBIF %K 0.6666. ... THHR //
SERULEARRE, 2//3 &M o,

FATHE Sage fREdT Pl K B AL P I R AURAE Integer () WY, FROEBRIANE A BB H 5 R AR AL
XA fian:

sage: 2/3

2/3

sage: (2/3) .parent ()
Rational Field

sage: 2//3

0

o KABEEL: Python J5iA: SZHERR Cint JEBYSMAE BRI X 28 )5 A BR g PR e W I T GMP g fit
). Sage i il GMP C JF A SE BT 2w HEL

FELE N T AR H AZ P Python fREREAS AN, FATT5E 4239 IR JEORE ] Python 1575, I IPython 4 5 THif#
Hrés, il IPython B Gy QAT AT A BN . IX WG EATILA 19 Python fURSH AT PATE Sage H /1.
SR, ATSHE ST AR IR Python RN, PATE 45 BEAS A Sage B,

(BN, LA HIR M A F Python P&, % UL HEAT#EE, (A6 sage -python M A2 python,

ﬁﬁ?ﬁiiﬁ?@k%?ﬁ@/K,sage -python setup.py installo)
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8.2 FA M — T, BMxEAM?
UL ARAEJy Sage L TUAR, TR 2l BB RO R | T T DAM IS M R TR 1) Sage VI SCR

EHR

WY Sage W T ATREUIT % F (5 o RIS TT AR B33 A Se R 2 B HE ) Sage #H 53 H 513 . Sage T4
TR WA G HEE, RIEN PAEF sage—devel Google {84 .

8.3 #nfa5|H Sage ?

WERARAER SO 1 Sage, 4511 Sage AYITHNS, WA N NA: ASRAREE Sage #EEIL3L, #HH
PATR NI IR 275 SOk bR 5 | 661 Sage 58 MU

[Sage] SageMath, the Sage Mathematics Software System (Version 8.7),
The Sage Developers, 2019, https://www.sagemath.org.

(CFF 8.7 B AR 1) Sage JRUAS ) o AL, 22 B ERE VT ] T WRLE Sage 117, {5141 PARI?, GAP?,
Singular?, Maxima? J#-5| JIiX 28R40 . MARARAHETT R THAEAE, ATLABEIAE sage-devel Google i+
WH BRI, ARE— R IE—ile, WERELE 2 R,

WERARIE EF IR X ke, I HLABEAE T2 KA, Ji57E sage-devel Google 141 E&IFHAT.
PLEEH Sage farh!

8.2. HBMH—LFTM. REIXEAM? 93
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CHAPTER 9

B 3%

9.1 ERZEREFMMIEHR

37274 + 255 GRS AT X EER (38) Uk T Ny “isBHAF ek, Ty #EA%ET G. Rossum
I F. Drake % 5[] Python i& 3 5% M §5.14 iAs. X BA AR/ EH DU e MRS = HES )

BEF ik

or /R EL,

and tiRE

not iRk

in, not in TG W

is, is not (7] — I

> <=,>,>= === W&

e ks, Wk

* 1, % Pk, bRk, BUR
**, AN %’

R, HTiHE 372%4 + 235, Sage ¥l HIIARFE SR ((372)*4) + (2%5). MM, BEIGITHE 372, 45
Wl o, BRIGAFRTE (372) *4 Fl 255, IRJEE4s SN .
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